
795



796



1144

4 

1 4 5 8

4 Z

(Z, , ) Z

(Z, , ) (ring) 

(hashing function)

R R

( ) R

(ring) a b c � R

797

14.1



a) a b b a

b) a (b c) (a b) c

c) ∃ z � R

a z z a a a � R

d) a � R

b � R a b b a z.

e) a (b c) (a b) c

f) a (b c) a b a c

(b c) a b a c a

( ) ( ) 

a b c (a b) c a (b c) a b c (a b) c

a (b c) ( ) 

ab a b ( ) 

4.2 8 9 

r n � Z+ n ≥ 3 1 ≤ r n

a1 a2 ar ar 1 an (R, , ) 

a b1 b2 bn n � Z+ n ≥ 3

( ) 

( ) Z Q R

C z 0 x

x

M2(Z) 2 2 [ M2(Q)

798

14.1

14.2



M2(R) M2(C) ] M2(Z) 

Z

( ) M2(Z) z

14.1 

(proper divisors of zero)

(R, , ) 

a) ab ba a b � R R (commutative

ring)

b) R a b � R ab z ⇒ a z b z

c) u � R u z au ua a a � R u R

(unity) R (multiplicative identity)

R (ring with unity)

14.2(c) R R

799

14.2



14.1 1

M2(Z) 

(R, , )

R

14.1 (a)-(e)

( )

(R, , ) 

14.1 14.2

Z � � 

x � y x y 1 x � y x y xy.

3 � 7 3 7 1 9 3 � 7 3 7 3 7

11

Z

� � Z (Z,

�, �) 

a) (Z, �, �) 14.1 

1) Z

x y � Z

x � y x y 1 y x 1 y � x.

� Z

2) (c) z a � z

z � a a a � Z a z 1 a

z 1 1 � (

)

3) ( ) a

b a � b b � a z (2) 

800

14.3



� b a b 1 1 b 2 a

7 2 7 5 42 2 (

42) 44 7 7 � ( 5) 7 ( 5) 1

7 5 1 1 1 [ (1) 

� ( 5) � 7 1 ]

b) (Z, �, �) 14.2 

( ) a

u ( z 1)

a � u u � a a.

a � u a u au a u au a u(1 a)

0 a a 1 u 0 

(Z, �, �) 

� {1, 2} R �(�) R

A B A ∆ B {x|x � A x � B x A B}

A B A � B A B � �

14.1(a) (b)

3 ( )

R 14.1 (a) (b) (e) (f)

x � R x x

R � R

{1} {2} 

801

14.4

14.1



R {a, b, c, d, e} 14.2(a) (b) 

125 

(R, , ) 

a R ( ) b

x (multiplicative inverse) y xy yx

b c d b e

R u a � R b � R ab ba u

b a (multiplicative inverse) a R

(unit) ( b R )

14.2 

R

a) R (integral domain) R

b) R (field) R

(Z, , ) Q R C

14.5 

14.2(c) R |R |  ≥ 2

R {s, t, v, w, x, y} 14.3(a) 

(b) 

802

14.6

14.5

14.2

14.3

14.4



(R, , ) 

t t y R

vv vy v R

v y

803

14.3

1. 14.5 14.6 

2.

a) R

b) R {kn |n ∈ Z, k

}

c) R {a b |a, b ∈ Z}

d) R {a b c |a ∈ Z, b, c ∈ Q}

3. (R, , ) a b

c d

( )

a) (a b) c b (c a)

b) d a(b c) ab (d ac)

c) c(d b) ab (a c)b cd

d) a(bc) (ab)d (ab)(d c)

4. 14.4 R A B

A�B A B A�B (R, �,

�) 

5. Z 14.3 

� � (a) � � 

14.3(a) 

[ (Z, �, �) ]

(b) (c) 

14.3(b) 0 (Z, �, �)

(d) 

6. Z � � x � y

x y 7 x � y x y 3xy

x y ∈ Z (Z, �, �) 

7. k m k m

(Z, �, �) 



804

x � y x y k x � y x y mxy

x y ∈ Z

8. 14.4(a) (b) (R, , ) 

R {s, t, x, y} (a) 

(b) 

(c) t(s xy) (d) R

(e) R (f)

9. Q

� � a b ∈ Q a

� b a b 7 a � b a b (ab/7)

(a) (Q, �, �) (b) 

(c) 

(d) 

10. (Q, �, �) � �

a � b a b k a � b a

b (ab/m) Q k m

( 0) k m

a) 3

b) 6 9

c) 2 1/8

11. R {a bi |a, b ∈ Z, i2 1}

(a bi) (c

di) (a c) (b d)i (a bi)(c di)

(ac bd) (bc ad)i (a) R

(b) R

12. (a) M2(Z) 

a b c d

(b) M2(Q) 

M2(Z) 

13. ∈ M2(R)

ad bc

0

14. 8 16

15. R {s, t, x, y} 14.5(a) 

14.5(b) 

R

a) 

b) 

c) 

d) 

14.4

14.5



14.1 

(R, , ) 

a) z

b)

a) R z1 z2

b) a � R b c � R a b b a z a c

c a z b b z b (a c) (b a) c z c c (

)

(b) a � R

a (subtraction) a

b a ( b)

14.1(b) R

(The Cancellation Laws of Addition) a b c �

R

a) a b a c ⇒ b c

b) b a c a ⇒ b c

a) a � R a � R

a b a c ⇒ ( a) (a b) ( a) (a c)

z1z2

805

14.1

14.2



⇒ [( a) a] b [( a) a] c

⇒ z b z c ⇒ b c.

b)

14.2 

(a) (b) 

(R, , ) a � R az za z

a � R az a(z z) z z z z az az az

az ( ) z az

za z

14.3 Z Q

M2(Z)

[ 14.1(b) ] 

(R, , ) a b � R

a) ( a) a

b) a( b) ( a)b (ab)

c) ( a)( b) ab.

a) 14.1 ( a) a ( a)

a z a a

( a) a

b) a( b) (ab) 

(ab) ab 14.3 ab a( b) a[b (

b)] az z a( b) (ab)

c)

(signed numbers)

(b) ( a)( b) [a( b)]

806

14.3

14.4



[ (ab)] (a) 

14.1

(R, , )

a) R

b) R x R x

(R, , ) 

u x

x 1 F

x � F x z ⇒ x 1 � F

(R, , ) R

a b c � R a z ab ac ⇒ b c ( (the

cancellation law of multiplication) )

R x y � R xy z ⇒ x z y z ab

ac ab ac a(b c) z a z b c z b c

R R a b � R ab z

a z az z ab az b z

R

(Z, , ) 1 1

(F, , ) 

a b � F ab z a z a

a 1 F

ab z ⇒ a 1(ab) a 1z ⇒ (a 1a)b a 1z ⇒ ub z ⇒ b z.

807

14.5

14.6

14.7
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F

5 f : A A ( ) 

( ) A f

( 5.11)

(D, , ) 

D D {d1, d2, , dn} d

� D d z dD {dd1, dd2, , ddn} � D D

|D | n dD � D dD n

dD D |d D | n ddi ddj 1 ≤ i j ≤ n

D d z di dj

dD D 1 ≤ k ≤ n ddk u D ddk u ⇒ d D

d (D, , ) 

14.8 

6 

(

)

(R, , ) R S R

(subring) (S, , ) S R S

R {z} R R

a) (Z, , ) n � Z+

nZ {nx|x � Z} (Z, , ) 

b) (Z, , ) (Q, , ) (Q, , ) (R, , ) 

(R, , ) (C, , ) 

14.8

14.5

14.7

14.8



14.6 S {s, w} T {s, v, x} R

(R, , ) R S R

1) a b � S a b ab � S ( S R

)

2) a � S a � S

(S, , ) R

1 2 S R

1 2 (a) (b) (e) (f) S

R

S S a � S

2 a � S 1 z a ( a) � S

14.3 14.1 5 (Z, �, �)

x � y x y 1 x � y x y xy S

{ , 5, 3, 1, 1, 3, 5, } 3 5 S

3 5 8 ∉ S S (Z, , ) 3 � 5

3 5 1 7 � S a b � S a � b a b 1

a b a b 1 a � b � S a � b a b

ab a b ab a � b � S a [a

(Z, �, �) ] 2 a a

a � S a � S 14.9 S (Z, �, �) 

(Z+, , ) 14.9 1 2

(Z, , ) 

14.9 

(R, , ) S � R

a) (S, , ) R a b � S a

b � S ab � S

b) S (S, , ) R a b

� S a b ab � S (

809

809

14.9

14.9

14.10

14.10



)

R M2(Z) R

x y 0 � S S S

x y v w � Z

S

S

14.10(a) S R

R I R (ideal) a b

810

14.11

14.6



� I r � R (a) a b � I (b) ar ra � I

(Z, , ) (Q, , ) 

(1/2)9 ∉ Z (1/2) � Q 9 �

Z 14.8(a) (Z, , ) 

14.10 a � S x � Z a � x a x ax ( x

� a) x ( x 14.10 )

a x ax a x ax a � S

x � Z a � x x � a S S (Z, �, �) 

811

1. 14.2 14.4 14.5 14.10 

2. a b c (R, , ) 

(a) a(b c) ab (ac) ab

ac (b) (b c)a ba (ca) ba

ca

3. a) R a b R

ab R

(ab) 1 b 1a 1

b) M2(Z) A 1 B 1 (AB) 1

(BA) 1 B 1A 1

4. R

5. a R a

R

6. a) S {s, w} T {s, v, x}

14.6 R (S T

14.3 

)

b) (a) R

7. S T R S � T

R

8. R M2(Z) S R

S R

9. (R, , ) S T1

T2 R S ⊆ T1 � T2 S

� T1 S � T2

10. a) (R, , ) u

r ∈ R r R

r

b) (a) R

11. a) R M2(Z)

R



812

b) R

c) S

d) S R

e) S R

12. S T R M2(Z) 

a) S R

b) T R

13. (R, , ) z

R a ∈ R

N(a) {r ∈ R|ra z} N(a)

R

14. R u

I R (a) u ∈ I

I R (b) I R

I R

15. R R

16. (R, , ) 14.6(a) (b)

( ) 

a) R

b) R

c) x y R

bx y u x by z

17. R u

a) ( ) a ∈ R aR

{ar|r ∈ R} R

b) R {z} R R

18. (S, , ) (T, ′, ′) 
R S T �

�

a) R

b) S T R

c) S uS T uT R

d) S T R

19. (R, , ) u

|R | 8 R4 R R R R

18 (a) 

(b) 

(c) 

(d) R

4 

20. (R, , ) a ∈ R

0a z 1a a (n 1)a na a

n ∈ Z+ ( Z

R

Z R ) n

0 ( n)a n( a)

( 3)a 3( a) 2( a)

( a) [( a) ( a)] ( a) [ (a

14.6
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a)] ( a) [(a a) a] [2a a]

(3a).

a b ∈ R m n ∈ Z

a) ma na (m n)a

b) m(na) (mn)a

c) n(a b) na nb

d) n(ab) (na)b a(nb)

e) (ma)(nb) (mn)(ab) (na)(mb)

21. a) (R, , ) a ∈ R

a1 a an 1 ana n ∈
Z+ m n ∈ Z+ (am)(an)

am n (am)n amn

b) a0 a n,

n ∈ Z+ R

n � Z+ n 1 a b � Z a b n (a is

congruent to b modulo n) a b (mod n) n|(a b)

a b kn k � Z

i) 17 2 (mod 5) 17 2 15 3(5) 17 2 3(5)

ii) 7 49 7 ( 49) 42 7(6) [ 7 49 7(6)]

7 49 (mod 6)

iii) 11 ( 5) 16 2(8) [ 11 5 2(8)] 11 5 (mod 8)

n

a b n � Z n 1

i) a q1n r1 b q2n r2 0 ≤ r1

n 0 ≤ r2 n a b (q1 q2)n (r1 r2) a b (mod

n) n|(a b) n|(r1 r2) 0 ≤ |r1 r2| n

r1 r2

a b (mod n) a b n

ii) (i) a q1n r1 b q2n r2 r1

r2 a b (q1 q2) n a b (mod n)

14.7

14.12



814

14.11

iii) a b ⇒ a b (mod n) a b (mod n) ⇒ a b

a b (mod n) a b � {0, 1, 2, , n 1} a b

n Z

n ≥ 2 n

Z n

[0] { , 2n, n, 0, n, 2n, } {0 nx|x � Z}

[1] { , 2n 1, n 1, 1, n 1, 2n 1, } {1 nx|x � Z}

[2] { , 2n 2, n 2, 2, n 2, 2n 2, } {2 nx|x � Z}

[n 1] { , n 1, 1, n 1, 2n 1, 3n 1, }

{(n 1) nx|x � Z}.

t � Z (4.3 ) t qn r 0

≤ r n t � [r] [t] [r] Zn {[0], [1], [2], 

, [n 1]} ( a [a] Zn

{0, 1, 2, , n 1} ) Zn

[a] [b] � Zn

[a] [b] [a b] [a] [b] [a][b] [ab].

n 7 [2] [6] [2 6] [8] [1] [2][6] [12]

[5]

( ) 

(well-defined) [a] [c] [b] [d] [a] [b] [c] [d]

[a][b] [c][d] a c [a] [c]

[a] [c] ⇒ a c sn s � Z [b] [d] ⇒
b d tn t � Z

a b (c sn) (d tn) c d (s t) n,

(a b) (c d)(mod n) [a b] [c d]



ab (c sn)(d tn) cd (sd ct stn) n

ab cd (mod n) [ab] [cd]

n � Z+ n 1 Zn

[1] ( [0]) 

Zn (Z, , ) 

Zn

Z5 Z6

14.7(a) (b) 14.8(a) (b) a [a]

Z5 Z5

Z6 1 5 2 3 4 

Z9 3 3 3 6 0 3 6 Zn n 2

Zn n

815

14.12

14.13

14.7

14.8



n 0 a n gcd(a, n) 1

4.4 s t as tn 1 as 1 (mod n)

[a][s] [1] [a] Zn Zn

n n n1n2 1 n1 n2 n

[n1] [0] [n2] [0] [n1][n2] [n1n2] [0] Zn

Zn

Z6 [5] [3] 

[a] Zn n

Zn [a] gcd(a, n) 1

gcd(a, n) 1 14.13 [a] �

Zn [a] 1 [s] [as] [a][s] [1] as 1 (mod n) as 1 tn

t � Z 1 as n ( t) ⇒ gcd(a, n) 1

Z72 [25] 1

gcd(25, 72) 1

72 2(25) 22, 0 22 25,

25 1(22) 3, 0 3 22,

22 7(3) 1, 0 1 3.

1 

1 22 7(3) 22 7[25 22] ( 7)(25) (8)(22)

( 7)(25) 8[72 2(25)] 8(72) 23(25).

1 8(72) 23(25) ⇒ 1 ( 23)(25) ( 23 27)(25)(mod 72),

[1] [49][25] [25] 1 [49] Z72

x

1) 25x 1 (mod 27) x 49 (mod 72)

2) 5x 3 (mod 27) x 49 3 (mod 72) 3 (mod 72)

[25] Z72

14.14 1 ≤ a 72 [a] 1

816

14.13

14.14



gcd(a, 72) 1 Z72 a 1

≤ a 72 gcd(a, 72) 1 � ( 8.8)

�(72) �(2332) (72)[1 (1/2)][1 (1/3)] (72)(1/2)(2/3) 24.

n � Z+ n 1 Zn �(n) n 1

� (n) 

4.36 10.8 mod

x y � Z+ x mod y y x

x ≤ 0 x � Z y � Z+ x

mod y x y

mod 14.7 mod 

a b n � Z n 1 a b (mod n) a mod n

b mod n ( 14.11 )

John von Neumann (1903-1957)

1946 

(pseudorandom) 

Derrick H. Lehmer (1905-1991) 1949 

(linear

congruential generator) a c

m x0

2 ≤ a m, 0 ≤ c m, 0 ≤ x0 m.

xn 1 (axn c) mod m

x1 x2 x3 0 ≤ xn 1 m n ≥
0 a 3 c 2 m 11 x0 1

817

14.14



x1 (ax0 c) mod m [3(1) 2] mod 11 5 x1 5

x2 (ax1 0) mod m [3(5) 2] mod 11 17 mod 11 6 x2

6

x3 9 x4 7 x5 1

1 5 6 9 7 1 5 6

a 3 c 5 m 12 x0 6 x1 [3(6) 5] mod

12 11 x1 11 x2 [3(11) 5] mod 12 38 mod 12 2

x2 2 x3 11

6 11 2 11 2 11

2

a m a 16,807(

75) c 0 m 2,147,483,647( 231 1 ) x0 1

2,147,483,647 

a)

Gaius Julius Caesar (100 B.C.-44

B.C.) (cipher shift) 

(cryptosystem)

Caesar

(plaintext)

a w

x

y z

(ciphertext) a D b E c F j M m

P y B z C

Caesar 

I came, I saw, I conquered

i c a m e i s a w i c o n q u e r e d

L F D P H L V D Z L F R Q T X H U H G

D Z

818

14.15



x A y B

z C

(

)

b) Caesar 

26 

a b c d k l m n w x y z

0 1 2 3 10 11 12 13 22 23 24 25

26 A 0 B

1 Y 24 Z 25

� 0 ≤ � ≤ 25 Caesar �

3 � (key) E: Z26

Z26 θ E(θ)

(θ �) mod 26 θ
D: Z26 Z26

D(θ) (θ �) mod 26

26 

26 �

26 

e t a o

i

Z L U K T V Y L T V U

L F

L L e E: Z26 Z26

E(θ) (θ 7) mod 26 L e 7 

� 7 D: Z26 Z26 D(θ)

(θ 7) mod 26

(1) Z L U K T V Y L T V U L F

(2) 25 11 20 10 19 21 24 11 19 21 20 11 5

(3) 18 4 13 3 12 14 17 4 12 14 13 4 24

(4) s e n d m o r e m o n e y

819



(1) ( ) (2) 

D (2) (3)

(3) 

Send more money.

c) (b) (affine cipher) 

(b) 

E E(θ) (αθ �) mod 26 0 ≤ α � ≤
25 gcd (α, 26) 1

θ1 θ2 � Z26 E(θ1) E(θ2) ⇒ (αθ1 �) mod 26 (αθ2

�) mod 26 ⇒ αθ1 mod 26 αθ2 mod 26 ⇒ θ1 θ2 14.14

E E 5.11

Z26

α 11 � 7 g

i) g 6

ii) E E(6) (11 6 7) mod 26 73 mod 26 21

iii) 21 V

[ E(θ) (11θ 7) mod 26 g

V ]

QYYFGCULBLKYZVOSTCOYPURGCULYZYWKYOSTCOYL

α �

α �

e Y t R

4 19 e t 24 17 Y R

1) e(4) Y(24) E(4) (4α �) mod 26 24

2) t(19) R(17) E(19) (19α �) mod 26 17

820



E(19) E(4) [(19α �) (4α �)]mod 26 15α mod 26 (17

24) mod 26 7 mod 26 19 15 7 105 1 104 1 4(26)

15 7 1 mod 26 15 1 7 ( Z26) 15α 19 mod 26 ⇒ α 15 1

19 mod 26 7 19 mod 26 133 mod 26 3 133 3 5 (26)

α 3 mod 26 (1) � (24 4α) mod 26 (24 12) mod

26 12 [ (2) � (17 19α) mod 26 (17 57) mod 26 40 mod

26 12]

E: Z26 Z26 E(θ) (3θ 12) mod 26 

D: Z26 Z26 D(θ) (9θ 22) mod 26 E 1(θ) 3 1(θ 12)

mod 26 9(θ 12) mod 26 (9θ 108) mod 26 (9θ 22) mod 26 D

2 ( ) 3 

Q 16 D

16 D(16) (9 16 22) mod 26 166 mod 26 10 10 

k

(Mario Puzo ) Don Vito Corleone 

Michael 

14.15 [(a) � 3 (b) 

� (c) α �] (private key

cryptosystems)

† be mod n

821

14.16

† ( ) T. H. Barr [3], P. Garrett [6] W. Trappe L.
C. Washington [13] 



b e n

5143 mod 222 5143 (

) (5143) 222 

143 

143 1(128) 0(64) 0(32) 0(16) 1(8) 1(4) 1(2) 1(1)

1(27) 0(26) 0(25) 0(24) 1(23) 1(22) 1(21) 1(20)

(10001111)2,

(143 ) 5143 mod

222 14.1 

b n ( ) e (amam 1

a2a1a0)2 x be mod n

b 5 e 143 (10001111)2 (a7a6a5 a2a1a0)2 [

m 7] n 222 14.9 for

x 1 b mod n 5 mod 222 5

822

14.1

)

14.9



x 5143 mod 222 89

( ) 

4 

(hashing or scattering) h ( )

4 h(081-37-6495) 

0813 10,000 

h

081-39-0207 h

(collision) 

( )

a) (division)

n k ( ) h(k) r r k mod

n r k (mod n) 0 ≤ r n

b) (folding method)

h(key) h(081-37-6495)

081 37 6495 6613 

6 h(081-37-6495) 613

h

823

14.17



824

h(081-37-6495) 413

(1.5 10.5 ) Catalan 

{0, 1, 2, 3} a b c

a b c 0 (mod 4) 14.10 1 (

0 4 8 a 0 b 1 c 3

a 1 b 0 c 3 ) 

Catalan 0 0 0

( 1 1) 1 1 1 1 ( 1 2)

2 3 1 ( 2 3) 0 1 3 ( 2 1) 

2 modulo 4 2 3 4 

13 

{0, 1, 2, 3, , n} x1 x2

xn x1 x2 xn 0 (mod n 1) 1.4 

n 1 n

Seln ( 14.10 20 

Sel3 ) Seln � s1 � s2 s1

n 1 s2 �

Seln n 1 ( 0 1 2

n n 1 ) [ n 1 

14.18

14.10

0 (mod 4) 3 (mod 4) 2 (mod 4) 1 (mod 4) 



0 ≤ k1 ≤ n 0 ≤ k2 ≤ n nk1 nk2 (mod n 1) k1 k2 (mod n

1) 14.14 gcd(n, n 1) 1 k1 k2 � {0, 1, ,

n} k1 k2 ]

0 ≤ s ≤ n Sels
n s n 1 1 ≤ s ≤ n s

nk ( k n 1s) f : Sel0
n Sel s

n {x1, x2, , xn} � Sel0
n f

({x1, x2, , xn}) {x1 k, x2 k, , xn k} xi k n 1

{y1, y2, , yn} � Sel s
n g: Sel s

n Sel 0
n g({y1, y2, , yn}) {y1

(n 1 k), y2 (n 1 k), , yn (n 1 k)} g f 1

|Sel0
n| |Sel1

n| |Seln
n|

n Catalan 

825

1. a) 8

i) 62, 118 ii) 42, 237 iii) 90,

230

b) 9

i) 76, 243 ii) 137, 700 iii) 56, 

1199

2. n 1 

a) 28 6 (mod n) b) 68 37 (mod n)

c) 301 233 (mod n) d) 49 2 (mod n)

3.

(a) [1] Z7 (b) [2] Z11 (c) [10] 

Z17

4. a b c n ∈ Z a n

0 b c (mod n) ab ac (mod

an)

5. a b m n ∈ Z m n 0

a b (mod n) m|n a b (mod

m)

6. m n ∈ Z+ gcd(m, n) 1 

a b ∈ Z a b (mod m) a b

(mod n) a b (mod mn)

7.

gcd(m, n) 1

8. n n 2n 1 2n

1 3 

9. n ∈ Z+ n 2 

10. 14.11 14.12 

11. Z+ � a � b τ (a) τ
(b) τ(a) a ( ) 

2 � 3 4 � 25 5 �
�
�
�
�
�
�
�
�
�

�����
�����
���	���
��	����

����
�������
��	����
���	�
�
�����
�

� �
���	 �
�
�� �
�� �
���	 �
��	� �

� �
���� �
��	� �

� �
���� �
��	� �

�
�
�
�
�

9

a) � Z+

b) � [a] [b]

[a] [b] [a

b] [a][b] [ab]

[ a � c b � d

⇒ (a b) � (c d) (ab) � (cd) ]

12. Z11 Z13 Z17

13. [a] 1 Z1009 (a) a 17, (b) a
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100 (c) a 777

14. a) Z12 Z18 Z24

b) Hasse 

n (n 12

18 24) Hasse 

c) Zn n 1

15. ( ) 

(a) Z17 (b) Z117 (c) Z1117

16. n

n

17. {1, 2, 3, , 1000} 

3 

18. a) c d n m ∈ Z n 1 m

0 c d (mod n) mc md

(mod n) cm dm (mod n)

b) xnxn 1 x1x0 xn 10n x1

10 x0 (n 1) 

xnxn 1 x1x0 xn xn 1 x1 x0 (mod 9)

19. a) n ∈ N 10n ( 1)n (mod

11)

b) 18(b) mod 9 

mod 11

20. p a ∈ Zp a2

a

21. a b n ∈ Z+ n 1 a b

(mod n) ⇒ gcd(a, n) gcd(b, n)

22. a) [a] ∈ Z7 [a] [0]

[a]6 [1]

b) n ∈ Z+ gcd(n, 7) 1

7|(n6 1)

23. Caesar All Gaul is

divided into three parts.

24. FTQIMKIQIQDQ

E: Z26 Z26 E(θ) (θ κ)

mod 26 

(a) 

(b) D (c) (

) 

25.

(a) 24 (b) 25 (c) 27 

(d) 30 

26.

RWJWQTOOMYHKUXGOEMYP

e t W X

(a) E (b) 

D (c) ( ) 

27. (a) a 5 c 3 m 19 x0 10

(b) 

28. m x0 x1 0

x0 x1 m xn

(xn 1 xn 2) mod m m ≥ 2

Fibonacci 

m 37

x0 1 x1 28

29. xn 1 (axn c) mod m 2 ≤ a

m 0 ≤ c m 0 ≤ x0 m 0 ≤ xn 1

m n ≥ 0

xn (anx0 c[(an 1)/(a 1)]) mod m

0 ≤ xn m

30. a 7 c 4 m 9

x4 1 x0

31. 9 
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32. 355

33. m n r ∈ Z+ p(m, n, r) 

m n ( ) 

r

34. (R, , ) r ∈ R

(idempotent) r2 r n ∈ Z+

n ≥ 2 k ∈ Zn k

n k 1 

35. 14.17 (a) h

(123-04-2275) (b) n

h(n) 413

081-37-6495 

36. ( )

35 

37. 41 0

40 

h(k) k mod

41 k

( )

( ) 0 

40 

(a) 

( ) 

206, 807, 137, 444, 617, 330, 465, 905

(b) (a) 

00x

5 x

38. x

a) 3x 7 (mod 31) b) 5x 8 (mod 37)

c) 6x 97 (mod 125)

( ) 

(Z, , ) (Z6, , ) Z6

14.3 

f : Z Z6 f (x) [x] f (1) [1] [7] f (7) f (2) f (8)

f (2 6k) [2] k � Z ( f )

2 3 � Z f (2) [2] f (3) [3] f (2 3) f (5) [5] [2]

[3] f (2) f (3) f (2 3) f (6) [0] [2][3] f (2) f (3)

14.19



x y � Z

f (x y) [x y] [x] [y] f (x) f (y),

↑ ↑
Z Z6

f (x y) [xy] [x][y] f (x) f (y).

↑ ↑
Z Z6

(R, , ) (S, �, �) f : R S

(ring homomorphism) a b � R

a) f (a b) f (a) � f (b)

b) f (a b) f (a) � f (b).

f S R (homomorphic image)

(preserve) f

(a b) f (a) � f (b) a b R S ( f

) a b S ( f )

S (

) 

Z4 Z8 f Z4 Z8 f ([a]) [a]2( [a2])

[a] [b] � Z4

f ([a][b]) f ([ab]) [ab]2 ([a][b])2 [a]2[b]2 f ([a])f ([b]).

↑ ↑
Z4 Z8

f [1] [2] � Z4

f ([1] [2]) f ([3]) [3]2 [1] f ([1]) f ([2]) [1]2 [2]2 [1] [4]

[5]( [1] Z8 ) f f

g : Z4 Z8 g([a]) 3[a]
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14.8



f : (R, , ) (S, �, �) f

f (ring isomorphism) R S

(isomorphic rings)

f

(homomorphism) (isomorphism) 

morphe homo iso 

( )

( ) 

11.13 G1

(V1, E1) G2 (V2, E2) f : V1 V2

a) f

b) {a, b} � E1 {f (a), f (b)} � E2

(b) f

G1 G2 |V1| |V2|
f : V1 V2 V G (V, E) 

( ) f : V1

V2 G1 G2

14.5 R Z5 f : R Z5

f (a) [0], f (b) [1], f (c) [2], f (d) [3], f (e) [4]

f (c d) f (a) [0] [2] [3] f (c) f (d) f (be) f (e) [4]

[1][4] f (b) f (e) (

25 )

5! 120 R Z5

14.20 

[ (c) (d) 14.2 20 21 

]
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14.20



f : (R, , ) (S, �, �) 

a) f (zR) zS zR zS R S

b) f ( a) f(a) a � R

c) f (na) nf (a) a � R n � Z

d) f (an) [f (a)]n a � R n � Z+

e) A R f (A) S

a) zS � f (zR) f (zR) f (zR zR) f (zR) � f (zR) ( ) S

f (zR) zS

b) zS f (zR) f (a ( a)) f (a) � f ( a) S

f ( a) f (a) f ( a) f (a)

c) n 0 f (na) f (zR) zS nf (a) n 1

n k (≥ 1) n k 1 

14.2 20 f ((k 1) a) f (ka a) f (ka)

� f(a) kf (a) � f (a) ( ) (k 1)(f (a)) ( )(

)

n 0 f ( na) nf (a)

(b) 14.1 (b) f ( na) f (na) f (n( a))

f (na) nf ( a) nf (a) n[f ( a) f (a)] n[ f (a) f (a)] nzS

zS n � Z

d)

e) A f (A) x y � f (A) x f (a) y f (b) 

a b � A x � y f (a) � f (b) f (a b) x � y f (a) � f (b) f

(ab) a b ab � A ( ) x � y x � y � f (A)

x � f (A) x f (a) a � A f ( a) f (a)

x a � A ( ) x � f (A) f (A) 

S

f : (R, , ) (S, �, �) R S

|S| 1

a) R uR f (uR) S

830

14.15

14.16



b) R uR a R f (a) S

f (a 1) [f (a)] 1

c) R S

d) I R f (I) S 

(d) I R

14.15(e) f (I) S f (I) x �

f (I) s � S x f (a) s f (r) a � I r � R s � x

f (r) � f (a) f (ra) ra � I s � x � f (I) x � s �

f (I) f (I) S

14.2 18 R Z2 Z3 Z5 |R|
|Z2| |Z3| |Z5| 30 R

x1 x2 x3 x 2 3 5 

14.11 f

Z5Z3Z2R

Z5Z3Z2R

831

14.21



f x y � Z30

f

14.11 

1) f (0) (0, 0, 0) 0 Z30 (0, 0, 0) Z2 Z3 Z5

2) f (2 4) f (6) (0, 0, 1) (0, 2, 2) (0, 1, 4) f (2) f (4)

3) 21 9 Z30 f (21) (1, 0, 1) f (9) (1,

0, 4) Z2 Z3 Z5

4) {0, 5, 10, 15, 20, 25} Z30 {(0, 0, 0) ( f (0)), (1, 2, 0)

( f (5)), (0, 1, 0) ( f (10)), (1, 0, 0) ( f (15)), (0, 2, 0) ( f (20)), (1, 1,

0) ( f (25))} Z2 Z3 Z5

Z30 Z2 Z3 Z5

28 17 Z30

Z2 Z3 Z5 f (28) f (17) (0, 1, 3) (1, 2, 2)

832

14.11



2 3 5 30 (0, 1, 3) (1, 2, 2) (0 1, 1

2, 3 2) (0, 2, 1) f 1 (0, 2, 1) 26 28 17 ( Z30 ) 26

14.21 Z2 Z3 Z5 (x1, x2,

x3) 14.11 Z30 f (x) (x1, x2, x3)

Z32736 Z31 Z32 Z33 g : Z32736 Z31

Z32 Z33 g(x) (x mod 31, x mod 32, x mod 33) x � Z32736

g

(The Chinese Remainder Theorem) m1 m2 mk

� Z+ {1} k ≥ 2 gcd(mi, mj) 1 1 ≤ i j ≤ k k

m1m2 mk

k

m m1m2 mk 1 ≤ j ≤ k Mj m/mj [ M1

m2m3m4 mk M2 m1m3m4 mk ] 1 ≤ j ≤ k gcd(mj, Mj)

1 ( ) j 1 ≤ j ≤ k p p|mj

p|Mj 4.3 p|Mj p|mj 1 ≤ j ≤ k i j

p|mj p|mi i j gcd(mi, mj) 1

1 ≤ j ≤ k gcd(mj, Mj) 1 14.14 Mj

Zmj xj � Zmj Mjxj 1 (mod mj)

x k 1 ≤ j ≤ k 1 ≤ i ≤
k i j Mi 0 (mod mj) mj|Mi Mixi 0 (mod mj)

Mjxj 1 (mod mj)

833

14.17



1 ≤ j ≤ k

x y k x y (mod mj)

1 ≤ j ≤ k m m1m2 mk p pt|m
pt 1 m t � Z+ gcd(mi, mj) 1 1 ≤ i j ≤ k

pt|mj ( ) mj pt|(x y)

m|(x y) x y (mod m)

Marjorie Megan Avery

Elizabeth ( ) Marjorie 

n Megan 31 

14 Avery n 32 16 Elizabeth 18

n 33 Marjorie n

x 14 (mod 31), x 16 (mod 32), x 18 (mod 33).

a1 14 a2 16 a3 18 m1 31 m2 32 m3

33 m m1m2m3 32736 M1 m/m1 1056 M2 m/m2

1023 M3 m/m3 992 ( )

14.13

x (14)(1056)(16) (16)(1023)(31) (18)(992)(17) (mod 32736)

1047504 (mod 32736)

31(32736) 32688 (mod 32736)

32688 (mod 32736).

Marjorie ( ) n 32688

( 32688 1054(31) 14 1021(32) 16 990(33)

18 x )

g : Z32736 Z31 Z32 Z33 (

834

14.22



) Z31 Z32 Z33 (14, 16,

18) Z32736 32688 ( ) g(32688)

(14, 16, 18) y g(y) (14, 16, 18) y 32688 (mod

32636) 32688 {0, 1, 2, 3, , 32735} 

14.21 f 14.22 g
† n n12 nk ni 1 1 ≤ i ≤ k

gcd(ni, nj) 1 1 ≤ i j ≤ k Zn Zn1 Zn2 Znk

n � Z+ {1} n

p1 p2 pt t t ≥ 1 e1 e2

et �Z+ Zn Zm1 Zm2 Zmt

( )

[

K. H. Rosen [12] 

146-149 J. P. Tremblay R. Manohar [14] 

344-359 D. E. Knuth [8] 

835

1. R 14.6 

f : R Z6

2. 14.15 14.16 

3. R S T f : R S g : S

T g

f :R T 

4. S 

R S

5. a) (R, , ) (S, �, �) 

zR zS f : R S

K {a � R|f (a)

zS} K R (K

f (Kernel) )

b) 14.19 

c) f (R, , ) (S, �, �) (a)

f f

{zR}

6. 14.11 

†



Z30

a) (13)(23) 18 b) (11)(21) 20

c) (13 19)(27) d) (13)(29) (24)(8)

7. a) ( 14.21) 

f : Z20 Z4 Z5

b) (a) 

Z20

(i) (17)(19) (12)(14)

(ii) (18)(11) (9)(15)

8. n r s � Z+ n r s ≥ 2 n

rs gcd(r, s) 1 f : Zn Zr Zs

f (a) (1, 0) 

f (b) (0, 1) (m, t) � Zr Zs

f 1(m, t) ma tb (mod n)

9. a) Z8

b) Z2 Z2 Z2

c) Z8 Z2 Z2 Z2

10. a) Z15 Z3 Z5

b) Z15 Z3 Z5

11. Z4 14.4 

12. f : R S J S

f 1(J) {a � R| f (a)

� J} R

13.

x 5 (mod 8)

x 73 (mod 81).

14. 17 ( ) 

3 

16 

10 

15 

15.

x 1 (mod 2)

x 2 (mod 3)

x 3 (mod 5)

x 5 (mod 7).
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Marcus Fabius Quintilianu ( ) 

( )

Fermat xn

yn zn n � Z+ n 1 Z+ n 2 1637 

Pierre de Fermat (1601-1665) 

18 19 

Leonhard Euler (1707-1783) Peter Gustav

Lejeune Dirichl (1805-1859) Carl Friedrich Gauss (1777-1855) Sophie

Germain (1776-1831) Adriel Marie Legendre (1752-1833) Niels Henrik

Abel (1802-1829) Gabriel Lamé (1795-1870) Leopold Kronecker (1823-

1891) Fermat 

20 

1953 

Fermat 

1970 Andrew Wiles

Iwasawa Fermat 

Wiles

1980 
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Pierre de Fermat (1601-1665) Sophie Germain (1776-1831)



Nick

Katz 1993 1 1993 6 Wiles 

Fermat

200 Nick Katz 

1993 Wiles 

1994 9 19 

1995 5 Annals of Mathematics

Andrew Wiles Wiles 

Richard Taylor Fermat (

Wiles 

Kenneth Ribet Barry Mazur Goro Shimura Yutaka Taniyama Gerhard

Frey Matthias Flach Richard Taylor ) 

A. D. Aczel [1] 

Fermat Ernst Kummer (1810-1893)

(ideal) Richard Dedekind

(1831-1916) 

Dedekind 

David Mibert (1862-1943)
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Andrew John Wiles (1953-)



Emmy Noether

(1882-1935) 

Emmy

Noether Albert Einstein (1879-1955) 

1935 5 3 Einstein 

1933 

A. Dick 

C. Kimberling [7] 

(field) 

17 

Evariste Galois (1811-1832) 4 

Galois 

Galois O. Zariski P. Samuel [16] 

J. A. Gallian [5] 

12- 18 V. H. Larney [9] 6 N. H. McCoy T. R. Berger [10]

6 7 12 E. A. Walker [15]

4 

Carl Friedrich

Gauss

Gerasa Nicomachus 
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Emmy Noether (1882-1935)



7 Brahmagupta ( 598 ) 

1247 

Shushu jiuzhang ( )

( 1202-1261) 

I. Niven H. S.

Zuckerman H. L. Montgomery [11] K. H. Rosen [12] 

( 14.16 )

T. H. Barr [3] P. Garrett [6] W. Trappe L. C.

Washington [13] 

J. P. Tremblay R.

Manhar [14] 2 A. V. Aho J. E. Hopcroft J. D. Ullman [2] 

4 

840
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1.

a) (R, , ) S � R

S S

R

b) (R, , ) 

S R S 

c) (R, , ) uR

S R uS

uR uS

d)

e)

f)

g)

h) (Q, , ) 

2. R (a b)2

a2 2ab b2 a b � R

3. R (Boolean) a2 a

a � R R

(a) a a 2a z a � R (b)

R 

4. C 2 2

S f : C S f(a

bi) a bi � C f

5. (R, , ) C {r �

R|ar ra, a � R} R

( C R (center))

6. F M2(F) 

F 2 2 

14.2 (M2(F), , ) 

a) M2(F) F

i) Z2 ii) Z3 iii) Zp p

b) 14.1 13 A �

M2(Zp) ad

bc z A

0 ( z 0) 

( Zp )

i) M2(Z2) ii) M2(Z3) iii) M2(Zp)

p

7. z (D, , )

a b � D ab z (a) a3 b3

a5 b5 a b (b) m n �

Z+ gcd(m, n) 1 an bm am

bn a b

8. A R+
� � A a �

b ab a b a � b

alog 2 b

a) (A, �, �) 



b)

9. R A B

A B {a b|a � A, b � B} A

B R ( R R

A B R glb{A, B}

A�B lub{A, B} A B

)

10. a) p p

0 k p

b) a b � Z (a b)p ap bp

(mod p)

11. n x1 x2 xn

n|(x1 x2 xi)

1 ≤ i ≤ n 1 ≤ i j ≤ n

n|(xi 1 xj 1 xj)

12. (Z3, �, �)

(a, b, c) � (d, e, f) (a d, b e,

c f) (a, b, c) � (d, e, f) (ad, be,

cf) ( a d ad Z

) S Z3 S

{(a, b, c)|a b c} S (Z3, �,

�) 

13. a) 

m n 1 ≤ m ≤ 100

1 ≤ n ≤ 100 7m 3n

8

b) 1 ≤ m ≤ 125 1 ≤ n ≤ 125

(a)

c) m n [ (a)] 7m

3n 2 

14. n � Z+ n 1

a) n 2k k

k3 k (mod n)

b) n 4k k � Z+

(2k)2 0 (mod n)

c)

n

15. a b c � Z 5|(a2 b2 c2)

5|a 5|b 5|c
16. ( )

1374 4731

17. a b k � Z+ a b

p1 p2 pk

e1 e2 ek � Z+

n a b (mod n) 

18. Jerina 

Noor 

8 3

11 

4 15 

5 

15 5 

( 6-10)

Jerina Noor 
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