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第一章　一階常微分方程式

習題 1-1
	 1. (1) 三階一次線性微分方程式 (2) 二階一次非線性微分方程式

  (3) 二階一次線性微分方程式 (4) 四階一次非線性微分方程式

  (5) 二階三次非線性微分方程式 (6) 四階一次線性微分方程式

	 2. (1) y″＋y＝x2＋2 (2) y′ cos x＋y sin x＝0

  (3) x3y″－4x2y′＋6xy＝0 (4) y″－y＝0
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	 3. (1) 略　　(2) 略　　(3) 略　　(4) 略　　(5) 略
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− + − − −

− − +

− +
− − + − +

− + − + − +

∂ ∂
= = − + = − +

∂ ∂

∂ ∂
= = − +

∂ ∂
∂ ∂

=
∂ ∂

∂
= =

∂

= = +
− +

⎛ ⎞∂ ∂ ⎟⎜ ⎟= + = − +⎜ ⎟⎜ ⎟⎜∂ ∂ − + − +⎝ ⎠

∫

n

n n n n

n n n

y g y

x y g y x y

x y k
c y k

n x c n

1 1

1
1 1 1

( )

( )

1
.

1 ( 1)

−

− + − − + −

− + − + −

′+

′= + =

⎡ ⎤−⎢ ⎥= = = ⎢ ⎥− + −⎣ ⎦
，其中 

(11) 

n n n n n n

n n n n

n n

nx
n n n

n n n

M
x y x n y n x y

y y

N
x y n x y

x x

M N

y x

M x y x y
x

x
x y x y dx y g y

n

x y x
g y n

y y n n

1

1

1

1( )
1 1

1 1 1

( ) ( 1) ( 1)

( ) ( 1)

( , )

( , ) ( )
1

( ) ( 1)
1 1

φ

φ

φ

− − + − − − −

− + − − −

− − +

− +
− − + − +

− + − + − +

∂ ∂
= = − + = − +

∂ ∂

∂ ∂
= = − +

∂ ∂
∂ ∂

=
∂ ∂

∂
= =

∂

= = +
− +

⎛ ⎞∂ ∂ ⎟⎜ ⎟= + = − +⎜ ⎟⎜ ⎟⎜∂ ∂ − + − +⎝ ⎠

∫

n

n n n n

n n n

y g y

x y g y x y

x y k
c y k

n x c n

1 1

1
1 1 1

( )

( )

1
.

1 ( 1)

−

− + − − + −

− + − + −

′+

′= + =

⎡ ⎤−⎢ ⎥= = = ⎢ ⎥− + −⎣ ⎦

 4. (1) y2(1－x2)－cos2 x＝3 (2) y sin2 x－y2 cos x＝－9

  (3) x2y＋y＝－25 

習題 1-5
 1. 略　　　2. 略　　　3. 略　　　4. y ln x＋x＝c
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 5. 

y y

y

y y y

y

y

y

dy
y

y

M
xy e xy e xy

y

N
xy e xy

x

M N

y x

M N
xy e xy e xy xy e xyy x

M xy e xy y

xy e xy
f y

yxy e xy y

e
y

x
xe dx x e

y y

3 4 2

4 2

3 4 2 4 2

4 3

3 2

4 3

4

4

2
3

8 2 6 1

2 2 3

8 2 6 1 2 2 3

2 2

8 8 4 4
( )

2 2

1

2 1
2

μ
⎛ ⎞⎟⎜ ⎟∫ −⎜ ⎟⎜ ⎟⎜⎝ ⎠

∂
= + + +

∂

∂
= − −

∂
∂ ∂

≠
∂ ∂

∂ ∂
−

+ + + − + +∂ ∂ =
+ +

+ +
= = =

+ +

= =

⎛ ⎞⎟⎜ ⎟+ + +⎜ ⎟⎜ ⎟⎜⎝ ⎠
y

x
y y

x x
dy

y y

x x x
x y xe dx x e g y

y yy y

2

2 4

2( )
2

3 3

3
0

2 1
( , ) 2 ( )φ

⎛ ⎞⎟⎜ ⎟− − =⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜ ⎟= + + = + + +⎜ ⎟⎜ ⎟⎜⎝ ⎠∫

y y

y

y

x xy x x
x e g y x e g y

y y y y y

x x
x e

y y

x x
x e c

y y

2 2 2
2 2

2 6 2 4

2
2

2 4

2
2

3

3 3
( ) ( )

3

.

φ∂ ′ ′= − − + = − − +
∂

= − −

+ + =

 6. 

6.

x

x
x x x

x x x x

x

dy

dx x y

M N
M x y x y x N x y x

y x

M N

y x

M N
xy x

x f x
N

x y x e
x

x y x y x e dx ye e g y

ye e g y e g y e
y y

ye

3

3 3 3

3 3 3 3

3

2

2 2 2

2
2

2 2

( )
2 2

1

(1 3 )

( , ) 3 , ( , ) 1, 3 , 0

3 0
3 ( )

1

(3 )

1
( , ) (3 ) ( )

3

1
( ) ( )

3

1

3

φ

φ

φ

=
−

∂ ∂
= − = = =

∂ ∂

∂ ∂
≠

∂ ∂

∂ ∂
−

−∂ ∂ = = =

∂
= −

∂

= − = − +

⎛ ⎞∂ ∂ ⎟⎜ ′= − + = + =⎟⎜ ⎟⎜⎝ ⎠∂ ∂

−

∫

xe c
3

=

7.

y
dy y y y yyf y dy

y y y
y y

M N
M x y y N x y x y y

y x

M N

y x

M N
y yy x

f y
M y y

y e e e e

e e e e y e y

2
3 3

3 3 31

3

3 3

3 2

1 1 1 1 1ln ln3 3( ) 3 9 9 3

1 1
ln ln3 9 9 3 9

( , ) 3 , ( , ) (2 ), 3, 2 .

3 2 1
( )

3 3 3

( )

( 0)

μ

−

⎛ ⎞⎟ ⎛ ⎞⎜ ⎟ ⎟⎜ ⎜−∫ − ⎟ − − ⎟⎜ ⎜ −⎟ ⎟⎜ ⎟ ⎟⎜−∫ ⎝ ⎠ ⎝ ⎠

− −

∂ ∂
= = + = = +

∂ ∂

∂ ∂
≠

∂ ∂

∂ ∂
−

− −∂ ∂ = = − =

= = = =

= = = >i i 取

y y y

y

y

y e dy xy e xy e dy

d xy e

c
xy e c k

3 3 3

3

3

2 1 8

3 9 3 9 3 9

2

3 9

92

3 9

3 (2 ) 0

(3 ) 0

3 .
3

−
+ + =

=

⎛ ⎞⎟⎜= = ⎟⎜ ⎟⎜⎝ ⎠

 為所求，其中 c 為常數．

 7. xe－y2

＝c 或 x＝cey2

 為所求，其中 c 為常數．

 8. x9y6ey3

＝k 為所求，其中 

6.

x

x
x x x

x x x x

x

dy

dx x y

M N
M x y x y x N x y x

y x

M N

y x

M N
xy x

x f x
N

x y x e
x

x y x y x e dx ye e g y

ye e g y e g y e
y y

ye

3

3 3 3

3 3 3 3

3

2

2 2 2

2
2

2 2

( )
2 2

1

(1 3 )

( , ) 3 , ( , ) 1, 3 , 0

3 0
3 ( )

1

(3 )

1
( , ) (3 ) ( )

3

1
( ) ( )

3

1

3

φ

φ

φ

=
−

∂ ∂
= − = = =

∂ ∂

∂ ∂
≠

∂ ∂

∂ ∂
−

−∂ ∂ = = =

∂
= −

∂

= − = − +

⎛ ⎞∂ ∂ ⎟⎜ ′= − + = + =⎟⎜ ⎟⎜⎝ ⎠∂ ∂

−

∫

xe c
3

=

7.

y
dy y y y yyf y dy

y y y
y y

M N
M x y y N x y x y y

y x

M N

y x

M N
y yy x

f y
M y y

y e e e e

e e e e y e y

2
3 3

3 3 31

3

3 3

3 2

1 1 1 1 1ln ln3 3( ) 3 9 9 3

1 1
ln ln3 9 9 3 9

( , ) 3 , ( , ) (2 ), 3, 2 .

3 2 1
( )

3 3 3

( )

( 0)

μ

−

⎛ ⎞⎟ ⎛ ⎞⎜ ⎟ ⎟⎜ ⎜−∫ − ⎟ − − ⎟⎜ ⎜ −⎟ ⎟⎜ ⎟ ⎟⎜−∫ ⎝ ⎠ ⎝ ⎠

− −

∂ ∂
= = + = = +

∂ ∂

∂ ∂
≠

∂ ∂

∂ ∂
−

− −∂ ∂ = = − =

= = = =

= = = >i i 取

y y y

y

y

y e dy xy e xy e dy

d xy e

c
xy e c k

3 3 3

3

3

2 1 8

3 9 3 9 3 9

2

3 9

92

3 9

3 (2 ) 0

(3 ) 0

3 .
3

−
+ + =

=

⎛ ⎞⎟⎜= = ⎟⎜ ⎟⎜⎝ ⎠

 9. 

dy y y
y yf y dy

y y y

y y

M N
M x y y N x y x xy y y

y x

M N

y x

M N
y yy x

f y
M yy y

y e e e

e e y e y

y e dx xy e

1
2

1/2

2

2 2

1 1 1
ln

2( ) 2

1 11
ln 2

1 13 1

2 2

( , ) 2 , ( , ) 2 3 , 4 , 2 3

4 2 3 1 1
( )

22

( )

( 0)

2 (2

μ
−

−

⎛ ⎞⎟ ⎛ ⎞⎜ ⎟ ⎟⎜ ⎜−∫ − ⎟ − + ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜−∫ ⎝ ⎠ ⎝ ⎠

− −−

− −−

∂ ∂
= = + = = +

∂ ∂

∂ ∂
≠

∂ ∂

∂ ∂
−

− −∂ ∂ = = − =

= = =

= = >

+ +

i 取

y

x
y y y

xy e dy

y e x y y e dx y e x g y
x

11

2

1 1 13 3 3( )
2 2 2

3 ) 0

2 ( , ) 2 2 ( )
φ φ

−

− − −

=

∂
= = = +

∂ ∫

y

y y

y y

y

y

xy e g y
y y

x y e y e g y
y

xy e xy e g y

xy e xy e
y

xy e c

13

2

1 11 3

2 2
2

1 11 1

2 2

11 1

2 2

13

2

[2 ( )]

3 1
2 ( )

2

3 2 ( )

1
2 3

φ −

− −

− −−

−−

−

∂ ∂
= +

∂ ∂

⎛ ⎞⎟⎜ ⎟⎜ ′= + +⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

′= + +

= − +

=

i

i

 為所求，其中 c 為常數．

10. 

dy
yf y dy y

x

M N
M x y xy N x y x y xy xy

x x

M N

y x

M N
xy xyy x

f y
M yxy

y e e e y

xy x y xy dx x y g y
x

x y g y x y g y x y y
y y

3 2 2 2 2

2 2

3

1
ln( ) 1

( )
2 2 2 2

2 2 2 2 1

( , ) , ( , ) 1, 3 , 2

3 2 1
( )

( )

1
( , ) ( )

2

1
( ) ( )

2

1

μ
φ φ

φ

−∫
−−∫ −

−

∂ ∂
= = − = =

∂ ∂
∂ ∂

≠
∂ ∂

∂ ∂
−

−∂ ∂ = = =

= = = =

∂
= = = −

∂
⎛ ⎞∂ ∂ ⎟⎜ ′= + = + = −⎟⎜ ⎟⎜⎝ ⎠∂ ∂

∫

x y y c2 2 ln
2

− =  為所求，其中 c 為常數．

11. 

du uu

M N
y xy x xy

y x

M N

y x

M N
y xy x xyy x

f u
yN xM x y x y xy xy x y xy

y x

uxy x y

u e e u xy

2 2

2 2

3 2 2 3 2 2

2 2

2 2

3
3 ln 3 3

3 2 1, 3 2 1

3 2 1 3 2 1
( )

3( ) 3

( )

( ) ( )μ
−∫ − − −

∂ ∂
= + + = + +

∂ ∂

∂ ∂
≠

∂ ∂

∂ ∂
−

+ + − − −∂ ∂= =
− + + − − −

−
= =−

−

= = = =

x

dx dy
x x y x y y xy x y

x y dx
x x y x y

g y
xyx x y

g y
y xy x y y xy x y

g y g y c
y y

xyx x y y

3 2 3 2 3 2 2 3

( )

3 2 3 2

2 2 2

2 2 3 3 2 2 3

13 2

2 2 2 2

1 1 1 1 1 1
0

1 1 1
( , )

1 1 1
( )

2 2

1 1 1 1 1
( )

1 1
( ) , ( )

2

1 1 1 1

2 2 2

φ

φ

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟+ + + + + =⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

⎛ ⎞⎟⎜ ⎟= + +⎜ ⎟⎜ ⎟⎜⎝ ⎠

=− − − +

∂ ′= + + = + +
∂

′ = =− +

+ + + =

∫

c.

12. sin－1(xy)＋ln )x)＝c

13. 

13

x y
x y

x dy y dx x y
x dx d d

xx y

x y
d d

x x

x y
c

x

2 2

2
1

2 2

2
1

2
1

1
( , )

0 tan 0
2

tan 0

tan
2

μ

−

−

−

=
+

⎛ ⎞ ⎛ ⎞− ⎟⎜ ⎟⎜⎟+ = + =⎜ ⎟⎜⎟ ⎟⎜ ⎜⎟⎜ ⎝ ⎠+ ⎝ ⎠

⎛ ⎞ ⎛ ⎞⎟⎜ ⎟⎜⎟+ =⎜ ⎟⎜⎟ ⎟⎜ ⎜⎟⎜ ⎝ ⎠⎝ ⎠

+ =

∫ ∫

或

14

x y
xy

x dy y dx
dy d xy d y

xy

d xy d y

1
( , )

1 0 (ln ) ( ) 0

(ln ) ( ) 0

μ =

+
+ = + =

+ =∫ ∫

或

14. ln )xy)＋y＝c 為所求，其中 c 為常數．

習題 1-6

	 1. 

dx dx x x

x
x

x
x x

dy
y x

dx

y e e x dx c e e x dx c

e
e x dx x x

e
y e x x c x x ce

sin

sin sin

sin (sin cos )
2

1
(sin cos ) (sin cos ) ,

2 2

-ò ò -

- -

+ =

é ù é ù= + = +ê ú ê úë û ë û

= -

é ù
ê ú= - + = - +ê úë û

ò ò

ò

dx dx x x

x
x

x
x x

dy
y x

dx

y e e x dx c e e x dx c

e
e x dx x x

e
y e x x c x x ce

sin

sin sin

sin (sin cos )
2

1
(sin cos ) (sin cos ) ,

2 2

-ò ò -

- -

+ =

é ù é ù= + = +ê ú ê úë û ë û

= -

é ù
ê ú= - + = - +ê úë û

ò ò

ò

其中 c 為常數．

 2. y 

x dx x dx x x

x x x

dy
xy x

dx

y e e x dx c e x e dx c

e e c ce

2 2

2 2 2

2 2

2

1 1

2 2

ò -ò -

-

- =

é ù é ù= + = +ê ú ê úë û ë û
é ù
ê ú= - + =- +
ê úë û

ò ò 

，其中 c 為常數．

 3. 

dx x x xx

dy x
x y

dx x

dy x
y

dx x x

P x
x

e e e e x

dy
x xy x

dx

d
x y x

dx

x y x dx x c

x c
y

x x

2 2

2

2
( ) 2 ln ln ln 2

2

2

2

2 2

cos 5
2 .

2 cos 5

2
( )

2 cos 5

( ) cos 5

1
cos 5 sin 5

5

sin 5
.

5

ò

+ =

+ =

=

= = = =

+ =

=

= = +

= +

ò

	 4. y

x x
dx dx

x x

x x

dy
x xy x

dx

dy x x
y

dx x x

x
y e e dx c

x

x
e e dx c

x

x x dx c
x

x c
x

c

x

2 2

2 2

2

2 2

4 4

1 1
2

2 ln ( 1) 2 ln ( 1)
2

2
2 2

2 2
2 2

2 2

( 1) 4

4
,

1 1

1

1

1
( 1)

( 1)

1 1
( 1)

4( 1)

1

4 ( 1)

-ò ò
+ +

- + +

+ + =

+ =
+ +

é ù
ê ú= +ê ú+ê úë û
é ù
ê ú= +
ê ú+ë û

é ù= + +ê úë û+

é ù
ê ú= + +
ê ú+ ë û

= +
+

ò

ò

ò







，其中 c 為常數．

 5. 

dy dy
y y y y

y y

y y

y y

dx
x

dy y y

x e e dy c e e dy c
y y

e e d c
y

e e c

xe e c

2 2

2 2

3 3 3 3

2 2

3 3

3 3

3 3

3 1

1 1

1 3

3

1

3

1

3

-ò ò -

-

-

- -

+ =

é ù é ù
ê ú ê ú= + = +ê ú ê ú
ê ú ê úë ûë û

é ùæ öê ú÷ç ÷= - +çê ú÷ç ÷çè øê úë û
é ù
ê ú= +ê ú
ê úë û

= +

ò ò

ò

 

，其中 c 為常數．
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	 6. y

x x
dx dx

x x

x x

dy x
y

dx x

y e e dx c

e e dx c

x dx c
x

x x c

2 2

2 2

2

2 2

1 1

ln (1 ) ln (1 )

2
2

2 1

2
1

1

1
(1 )

1

(1 ) (tan ).

ò -ò
+ +

+ - +

-

- =
+

æ ö÷ç ÷ç= + ÷ç ÷ç ÷çè ø

æ ö÷ç ÷= +ç ÷ç ÷çè ø

æ ö÷ç= + + ÷ç ÷çè ø+

= + +

ò

ò

ò

	 7. y

x dx x dx

x x

dy
x y x

dx

y e e x dx c

e e x dx c

x
x dx c x c x

x

tan tan

ln cos ln cos

(tan ) cos

cos

cos

cos
cos ( ) cos

cos

-ò ò

-

+ =

é ù= +ê úë û
é ù= +ê úë û
é ù
ê ú= + = +ê ú
ê úë û

ò

ò

ò





，其中 c 為常數．

 8. 

dy dy
y y y y

y y

dx x
y

dy y

dx
x

dy y y y

x e e dy c
y

e e dy c
y

y
dy c

y y

y c
y

c
x y

y

1 1

ln ln

ln ln ln ln

2

1
ln

1 1

ln

1

1

ln1

ln

1 1
(ln )

ln 2

1
ln

2 ln

-ò ò

-

+ =

+ =

é ù
ê ú= +ê ú
ê úë û

é ù
ê ú= +ê úë û

é ù
ê ú= +ê ú
ë û
é ù
ê ú= +
ê úë û

= +

ò

ò

ò



，其中 c 為常數．

 9. y＝－2 cos2 x＋c cos x，其中 c 為常數．

10. 

dx dx
x x

x x

dy y
y x

dx x

dy dz dz
y z x

dx dx dx x

z e e x dx c

e e x dx c

x x dx c
x

x
x c

x

x x c

x

x x c
y

x

1 1

1 1

ln 1 ln 1

3

3

3

sin
cos 1

1

1
cos 1

1

( 1)

( 1)

1
1 ( 1)

1

1

1 3

3 3

3( 1)

3 3
sin

3( 1)

-ò ò
+ +

- + +

+ = -
+

= + = -
+

é ù
ê ú= - +ê ú
ê úë û

é ù= - +ê úë û

é ù= + - +ê úë û+

æ ö÷ç ÷= - +ç ÷ç ÷ç+ è ø

- +
=

+

- +
=

+

ò

ò

ò



，其中 c 為常數．

11. x2y2＝x3－3x2＋c	 12. y＝x4－2x2

13. 

x dx x dx x x

x x x

x

c

dy
x y x

dx

y

y e e x dx c e e x dx c

e e c ce

c

y e

2 2 3 3

3 3 3

3

2 2

3 3 2 2

,

3

(0) 2

1 1

3 3

1 5
2

3 3

1 5

3 3

-ò ò -

- -

-

=
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習題 1-8
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第二章　高階線性微分方程式
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第三章　微分方程式的級數解

習題 3-1

 1. 

c c c c

c c c c c c c c c

c c c c c c c c c c c c c

c c c c c c c c c c c

y c x c x c c x

1 0 1 0

2 0 1 1 2 1 0 0 0

2 2 2
3 0 2 1 2 3 0 2 1 2 0 0 0

2 3
4 0 3 1 2 3 4 0 0 0 0

2 2 3
0 0 0 0

0

1 1
2 0 (1 ) (1 )

2 2

1 1
3 2 0 (2 ) (1 5 2 )

3 6

1
4 3 3 0 (1 17 26 6 )

24

1 1
1 (1 ) (1 5 2 )

2! 3!

1

4!

- = Þ =

- - = Þ = + = +

- - - = Þ = + + = + +

- - - = Þ = + + +

é
ê= + + + + + +
êë

+



c c c x2 3 4
0 0 0(1 17 26 6 )

ù
ú+ + + +
úû



c c c c

c c c c c c c c c

c c c c c c c c c c c c c

c c c c c c c c c c c

y c x c x c c x

1 0 1 0

2 0 1 1 2 1 0 0 0

2 2 2
3 0 2 1 2 3 0 2 1 2 0 0 0

2 3
4 0 3 1 2 3 4 0 0 0 0

2 2 3
0 0 0 0

0

1 1
2 0 (1 ) (1 )

2 2

1 1
3 2 0 (2 ) (1 5 2 )

3 6

1
4 3 3 0 (1 17 26 6 )

24

1 1
1 (1 ) (1 5 2 )

2! 3!

1

4!

- = Þ =

- - = Þ = + = +

- - - = Þ = + + = + +

- - - = Þ = + + +

é
ê= + + + + + +
êë

+



c c c x2 3 4
0 0 0(1 17 26 6 )

ù
ú+ + + +
úû

 2. y

n
n

n
n

n
n

n
n

dy
z y z

dz

y c c z c z c z c z c z

dy
c c z c z c z nc z

dz

dy
z y z

dz

z c c z c z c z nc z

z c c z c z c z c z

c c c z c c z

2 3 4
0 1 2 3 4

2 3 1
1 2 3 4

2 3 1
1 2 3 4

2 3
0 1 2 3

1 0 2 3 2

( 1) 2 0

2 3 4

( 1) 2

( 1)( 2 3 4 )

2 ( )

( 2 ) (2 1) (3 )

-

-

+ - - - =

= + + + + + + +

= + + + + + +

+ - - -

= + + + + + + +

- - - + + + + + +

= - - + - + +

 

 

 

 

n
n n

n n n n

n n
n

c c z

n c n c z

c c c c

c c

c c c c

c c c c

n
n c n c c c n

n

n n
c c

n n n

2 3
4 3

1

1 0 1 0

2 2

3 2 3 2

4 3 4 3

1 1

2

(4 2 )

[( 1) ( 1) ]

0

2 0 2

1
2 1 0

2

1 1
3 0

3 6

1 1
4 2 0

2 12

1
( 1) ( 1) 0 , 2

1

( 2)( 3) 2 1 1
( 1) ( 1)

( 1) 4 3 (

+

+ +

+ + +

+ + + - +

=

- - = Þ = +

- = Þ =

+ = Þ =- =-

+ = Þ =- =

-
+ + - = Þ =- ³

+

- -
= - = -

-







   

   

n n

n
n

y c c z z z z z
n n

c x x x x x

2 3 4
0 0

2 3 4
0

, 2
1)

1 1 1 1
(2 ) ( 1)

2 6 12 ( 1)

1 1 1
2( 1) ( 1) ( 1) ( 1)

2 6 12

³
-

= + + + - + - + - +
-

= + - + - - - + - -

 



 3. 

y

y

y x e

y

y c x c x c x c x

y c c x c x c x

e y y y y

c x c x c x c x c x c c x c c c x

c x c c x c x

c x c

2

2 3 4
1 2 3 4

2 3
1 2 3 4

2 3 4

2 3 4 2 2 3 2 4
1 2 3 4 1 1 2 2 1 3

3 3 2 4 4 4
1 1 2 1

1

0

(0) 0

2 3 4

1 1 1
1

2! 3! 4!

1
1 ( ) [ 2 ( 2 ) ]

2!

1 1
( 3 ) ( )

3! 4!

1

ì ¢ï - - =ïíï =ïî

= + + + +

¢ = + + + +

= + + + + +

= + + + + + + + + + +

+ + + + + +

= + +







 

  

c x c c c c x

c c c c c c c x

c c c x c c c x c c c c c x

c c c c c c c c

2 2 3 3
2 1 3 1 2 1

4 2 2 4 4
2 1 3 1 2 1

2 2 3 3
1 2 1 3 2 1 4 3 1 2 1

2 2 4
5 4 2 1 3 1 2 1

1 1

2 6

1 1 1

2 2 24

1 1
( 1) (2 ) 3 1 4

2 6

1 1 1
5

2 2 24

æ ö æ ö÷ ÷ç ç+ + + +÷ ÷ç ç÷ ÷ç çè ø è ø

æ ö÷ç+ + + + + +÷ç ÷çè ø

æ ö æ ö÷ ÷ç ç- + - + - - - + - - -÷ ÷ç ç÷ ÷ç çè ø è ø

æ öç+ - - - - -ççè



x

c c

c c c c

c c c c c c

c c c c c c c c c c

y x x x x

4

1 1

2 1 2 1

2 2
3 2 1 3 2 1

3 3
4 3 1 2 1 4 3 1 2 1

2 3 4

0

1 0 1

1 1
2 0

2 2

1 1 1 2
3 1 0 1

2 3 2 3

1 1 1 1
4 0

6 4 6 3

1 2 1

2 3 3

÷ + =÷÷ø

- = Þ =

- = Þ = =

æ ö÷ç- - - = Þ = + + =÷ç ÷çè ø

æ ö÷ç- - - = Þ = + + =÷ç ÷çè ø

= + + + +







 4. 

c c c c

c c c c

c c c c c

c c c c c

y c x x c x x x

0 2 2 0

1 3 3 1

2 4 4 2 0

3 5 5 3 1

2 4 3 5
0 1

1
2 0

2

1
6 0

6

1 1
12 0

12 24

1 1
20 0

20 120

1 1 1 1
1

2 24 6 120

+ = Þ =-

+ = Þ =-

+ = Þ =- =

+ = Þ =- =

æ ö æ ö÷ ÷ç ç= - + + + - + -÷ ÷ç ç÷ ÷ç çè ø è ø
 

 5. 

c c

c c c c

c c c c

c c c c

y c x x c x x x

2 2

3 0 3 0

4 1 4 1

5 2 5 2

3 6 4 7
0 1

2 0 0

1
6 0

6

1
12 0

12

1
20 0 0

20

1 1 1 1
1

6 180 12 504

= Þ =

- = Þ =

- = Þ =

- = Þ = =

æ ö æ ö÷ ÷ç ç= + + + + + + +÷ ÷ç ç÷ ÷ç çè ø è ø
 

 6. y

n n n n

k k k

k
k

c c c c

c c

c c c c

n
n n c n c c c

n

k k k
c c c

k k k

k
c

k

y c x x x x c

2 0 2 0

3 3

4 2 4 0

2
2 2

2 2 2 2 4

1
0

2 4 6 8
0 1

1
2 0

2

6 0 0

1
12 3 0

8

1
( 2)( 1) ( 1) 0

2

2 3 (2 3)(2 5)

2 2 (2 2)

1 3 5 (2 3)
( 1)

2 !

1 1 1 5
1

2 8 16 128

+ +

- -

+

- = Þ =

= Þ =

+ = Þ =-

-
+ + + - = Þ =-

+

- - -
=- = =

-

-
= -

æ ö÷ç= + - + - + +÷ç ÷çè ø





   



k k
k

k

k k
k

k

x

k
c x x c x

k

k
c x x c x

k

2 1 2
0 1

2

2 2
0 1

2

1 1 3 5 (2 3)
1 ( 1)

2 2 !

1 1 3 5 (2 3)
1 ( 1)

2 2 !

¥
+

=

¥

=

é ù-ê ú= + + - +ê úë û
é ù-ê ú= + - - +ê úë û

å

å

    

    

 7. 

n n n

n n
n

c c c c

c c c c

c c c c c c

n n c n c c

n c c
c n

n n

y c x x x x

c x x x x x

2 0 2 0

3 1 3 1

4 1 2 4 0 1

2 1

1
2

2 4 5 6
0

3 4 5 6
1

1
2 0

2

1
6 0

6

1 1
12 0

24 12

( 2)( 1) ( 1) 0

( 1)
, 1

( 1)( 2)

1 1 1 1
1

2 24 20 720

1 1 1 7

6 12 120 360

+ -

-
+

- = Þ =

- = Þ =

- - = Þ = +

+ + - - - =

- +
Þ = ³

+ +

æ ö÷ç= + + + + + ÷ç ÷çè ø

æ öç+ + + + + +ççè ø







÷÷÷

 8. 

n
n

n
n

n

n
n n

d y dy
v y

dvdv

dy
c c v c v c v nc v

dv

d y
c c v c v n n c v

dv

d y dy
v y c c c c c c v

dvdv

c c c v n n c

n c n c v

2

2

2 3 1
1 2 3 4

2
2 2

2 3 42

2

2 1 0 3 1 22

2
4 2 3 2

1

( 1) 0.

2 3 4

2 6 12 ( 1)

( 1) (2 ) (6 2 2 )

(12 3 3 ) [( 2)( 1)

( 1) ( 1) ]

-

-

+

+

+ + + =

= + + + + + +

= + + + + - +

+ + + = + + + + +

+ + + + + + +

+ + + + + =

 

 





n n n

n n n

c c c

c c c c c

c c c c c

n n c n c n c

c c c
n

y c x x x x

c x x x x

2 0 1

3 1 2 0 1

4 2 3 0 1

2 1

2 1

2 3 4 5
0

2 3
1

0

1
( )

2

1 1
( ) ( )

3 6

1 1
( ) ( 2 )

4 12

( 2)( 1) ( 1) ( 1) 0

1
( )

2

1 1 1 1
1 ( 2) ( 2) ( 2) ( 2)

2 6 12 20

1 1 1
2 ( 2) ( 2) ( 2

2 6 6

+ +

+ +

=- +

=- + = -

=- + = +

+ + + + + + =

=- +
+

é ù
ê ú= - - + - + - - - -
ê úë û

+ - - - - - + -





x4 61
) ( 2)

36

é ù
ê ú- - +
ê úë û



 9. y c x x x c x x x x

x x x x x x

3 6 9 4 7 10
0 1

2 3 4 6 7 9

2 2 2 1 1 1
1

3 45 405 6 63 567

1 1 1 1 1

3 12 45 126 405

æ ö æ ö÷ ÷ç ç= - - - - + - - - -÷ ÷ç ç÷ ÷ç çè ø è ø

+ + + + + + +

 



10. 

n n n n
n

n n n
n

y y x y

y y

c c c n n c n c c c x

c c c

c c c
c n

n n n

c c c

y x x x x

11
2 1 0 2 1 1

1

0 1 2

1 1
2

3 4 5

2 3 4 5

3 ( 1) 1

(0) (0) 0

6 [3( 2)( 1) ( 1) ] 1

1
0, ,

6

, 1
3( 2) 3( 1)( 2)

1 1 4
, , ,

54 324 1215

1 1 1 4

6 54 324 1215

¥

+ + -
=

+ -
+

ì ¢¢ ¢- + + =ïïíï ¢= =ïî

- + + + + - + + + =

= = =

+
= - ³

+ + +

= =- =-

= + - - +

å





98TH3-1.工程數學習題解答.indd   577 2009/7/14   下午 04:51:10



578

工程數學

Engineering Mathematics

11. 

n n
n

n n
n n n n

n n n

n
n n n

n

xy y xy

y y

dy dy d y d y

dz dx dz dx

d y dy
z z y

dzdz

y z c z

z n n c z nc z z c z

c c c n n c n c c z

2 2

2 2

2

2

0

2 1

2 1 0

2
0 1 2 2 1 1

1

0

(1) 0, (1) 1

,

( 1) ( 1) 0

( ) ,

( 1) ( 1) ( 1) 0

2 [( 2)( 1) ( 1) ] 0

¥

=

¥ ¥ ¥
- -

= = =

¥

+ + -
=

ì ¢¢ ¢+ + =ïïíï ¢= =-ïî

= =

+ + + + =

=

+ - + + + =

+ + + + + + + + =

å

å å å

å

c c c

y z z z z z

y x x x x x

2 3 4

2 3 4

2 3 4

1 1 1
, , ,

2 6 6

1 1 1
( )

2 6 6

1 1 1
( ) 1 ( 1) ( 1) ( 1)

2 6 6

= =- =

=- + - + +

= - + - - - + - +







12. y

n
n

n

n n
n n

n n

n n n
n n n n

n n n n

n n n n
n n n n

n

x y xy xy

y

y

y c x

y nc x y n n c x

n n c x n n c x nc x c x

n n c x n n c x nc x c x

2

0

1 2

1 2

3 2 1

2 2 1 0

2 1
1

( 1) 3 0

(0) 1 .

(0) 3

, ( 1)

( 1) ( 1) 3 0

( 1) ( 2)( 1) 3 0

¥

=

¥ ¥
- -

= =

¥ ¥ ¥ ¥
- +

= = = =

¥

+ -
=

ì ¢¢ ¢ï - + + =ïïïï =íïïï ¢ =ïïî

=

¢ ¢¢= = -

- - - + + =

- - + + + + =

å

å å

å å å å

n n n

n n
n n

n n

n n
n n

n n

n
n n n

n

n n
n

n n c x c c x n n c x

c x nc x c x c x

c c c c x n n c n n c c x

c c c

n n c c
c n

n n

2 0 1

2 3 2
2 2

1 0 1
2 2

2 0 1 3 2 1
2

3 0 1

1
2

( 1) 2 6 ( 2)( 1)

3 3 0

2 ( 3 6 ) [ ( 2)( 1) ( 2) ] 0

1 1
.

6 2

( 2)
,

( 1)( 2)

¥ ¥ ¥

= = =

¥ ¥

+
= =

¥ ¥

-
= =

¥

+ -
=

-
+

- - - - + +

+ + + + =

- + + - + - + + + + + =

= +

+ +
= ³

+ +

å å å å

å å

å å

å

c c
c c

c c
c c c

c cc c c
y c c x x x x

c x x c x x x x

y c x x c x x

2 1
4 1

3 2
5 0 1

3 4 50 01 1 1
0 1

3 5 3 4 5
0 1

2 4 2 3
0 1

2

8 1

12 12

15 1 3

20 8 8

3

6 2 12 8 8

1 1 1 1 3
1

6 8 2 12 8

1 5 3 1
1

2 8 2 3

+
= =

+
= = +

æ ö æ ö÷ ÷ç ç= + + + + + + +÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø

æ ö æ ö÷ ÷ç ç= - + + + + + + +÷ ÷ç ç÷ ÷ç çè ø è ø

æ ö÷ç¢ = + + + + +÷ç ÷çè ø

 



 

 x

y x x x x x x

x x x x

4

3 5 3 4 5

3 4 5

15

8

1 1 1 1 3
1 3

6 8 2 12 8

2 1 5
1 3 .

3 4 4

æ ö÷ç + + ÷ç ÷çè ø

æ ö æ ö÷ ÷ç ç= + + + + + + + +÷ ÷ç ç÷ ÷ç çè ø è ø

= + + + + +



 



習題 3-2

 1. (1) 0, －1　　(2) 2　　(3) 

x

x x
y y y

x x x x x

x e
y y y

xx

2 3

2

1 3
0

( 1)( 2) ( 2)

sin
0

1

1

2

- +¢¢ ¢+ + =
+ + +

¢¢ ¢+ + =
+

- 　　(4)－1

 2. (1) r r r r r2 2 23 1
0 0 ( 1) 0

2 2
+ + = + = + =－r r r r r2 2 23 1

0 0 ( 1) 0
2 2

+ + = + = + =　　(2) r r r r r2 2 23 1
0 0 ( 1) 0

2 2
+ + = + = + =　　(2) r r r r r2 2 23 1

0 0 ( 1) 0
2 2

+ + = + = + =

 3. 

n r
n

n

n r
n

n

n r
n

n

n r n r n r n r
n n n n

n n n n

n r n r n r
n n n

n n n

y c x c

y n r c x

y n r n r c x

n r n r c x n r c x n r c x c x

n r n r c x n r c x n r c x

0
0

1

0

2

0

1

0 0 0 0

1
1 0

, 0

( )

( )( 1)

2 ( )( 1) ( ) ( ) 0

2 ( )( 1) ( 1) ( )

¥
+

=

¥
+ -

=

¥
+ -

=

¥ ¥ ¥ ¥
+ + + + +

= = = =

¥ ¥
+ + +

-
= =

= ¹

¢ = +

¢¢ = + + -

+ + - + + - + + =

+ + - + + - - +

å

å

å

å å å å

å å

n r
n

n

r n r n r
n n

n n

r n r r n r
n n

n n

c x

r r c x n r n r c x n r c x

rc x n r c x c x c x

c c
r

c c
r

c c c c c

r

c c c c c

y c

0

0

0 1
1 1

0 0
1 1

1 0

2 1

1 0 2 1 0

1 0 2 1 0

1 0

0

2 ( 1) 2 ( )( 1) ( 1)

( ) 0

1

2

1

2 1

1

2 3

1 1 1
, ,

3 5 15

1

2

1 1 1
, ,

2 4 8

¥

=

¥
+

=

¥ ¥
+ +

-
= =

¥ ¥
+ +

= =

+ =

- + + + - + + -

- - + + + =

=-
+

=-
+

=- =- =

=

=- =- =

=

å

å

å å

å å







n
n

n

x

n
n x

n

x
x x x c

n

x
y c x x c x e

x
y c c x e

n

1
2

0
0

2 /2
2 0 0

1
/2

1 2
0

1 1
1 ( 1)

3 15 1 3 5 (2 1)

1
1

2 8

( 1)
1 3 5 (2 1)

+¥

=

-

+¥
-

=

æ ö÷ç - + - = -÷ç ÷çè ø +

æ ö÷ç= - + - =÷ç ÷çè ø

= - +
+

å

å



    



    

 4. 略

 5. 

n nc c n
r n r n

r

x x x
y c x

x x x
y x

x x x
y c x

x x x
c x

2

2 4 6

1 0

2 4 6

2

2 4 6

1

2 4 6

2

1

2

1
, 2

( )(2 2 3) 1

1

2

1
6 168 11088

1
10 360 28080

1
6 168 11088

1
10 360 28080

-=- ³
+ + - +

=

æ ö÷ç ÷= - + - +ç ÷ç ÷çè ø

æ ö÷ç ÷= - + - +ç ÷ç ÷çè ø

æ ö÷ç ÷= - + - +ç ÷ç ÷çè ø

æ ö÷ç ÷+ - + - +ç ÷ç ÷çè ø









n nc c n
r n r n

r

x x x
y c x

x x x
y x

x x x
y c x

x x x
c x

2

2 4 6

1 0

2 4 6

2

2 4 6

1

2 4 6

2

1

2

1
, 2

( )(2 2 3) 1

1

2

1
6 168 11088

1
10 360 28080

1
6 168 11088

1
10 360 28080

-=- ³
+ + - +

=

æ ö÷ç ÷= - + - +ç ÷ç ÷çè ø

æ ö÷ç ÷= - + - +ç ÷ç ÷çè ø

æ ö÷ç ÷= - + - +ç ÷ç ÷çè ø

æ ö÷ç ÷+ - + - +ç ÷ç ÷çè ø









 6. 

n nc c n
r n r n

x x
y c

r

x x
y c x

x x x x
y c c x

3

3 6

1 0

3 6
1/3

2 0

3 6
1/33 6

1 2

1

3

1
, 3

( )(3 3 1)

1
24 2448

1

3

1
30 3420

1 1
24 2448 30 3420

-
-

= ³
+ + -

æ ö÷ç ÷= - + -ç ÷ç ÷çè ø

=

æ ö÷ç ÷= - + -ç ÷ç ÷çè ø

æ öæ ö ÷ç÷ç ÷= - + - + - + -÷ çç ÷÷ ç÷ç ÷çè ø è ø





 

 7. 

r r r r

r r r r r r

r r

x y xy x y

c r r x c r rx c r r x c rx

c c c
c r x c r x x x x c x

c r x c r x c r

2 2

1 2
0 1 2 0

1 2 1 2 20 1 2
1 2 0

2 2 1 2
0 1 2

1
0

4

( 1) ( 1) ( 2)( 1)

( 1) ( 2)
4 4 4

0

1 1 1
( 1) ( 2)

4 4 4

+ +

+ + + + +

+

æ ö÷ç¢¢ ¢+ + - =÷ç ÷çè ø

- + + + + + + + +

+ + + + - - - + + +

=

æ ö é ù é ù÷ç ê ú ê ú- + + - + + -÷ç ÷ç ê ú ê úè ø ë û ë û



  

rc x

r r

r c c c

c
c

y c x x

r c c c

c
c

y x x

2
0

2

2

1 1 1

0
2

1/2 2
1 0

2

1 1 1

0
2

1/2 2
2

0

1 1 1
0, ,

4 2 2

1 3 1
, 2 0 0

2 2 4

,
6

1
1

6

1 1 1
, 0 0

2 2 4

,
2

1
1

2

+

-

ì üï ïï ï+ + =í ýï ïï ïî þ

- = = -

é ùæ öê ú÷ç= - = = Þ =÷çê ú÷çè øê úë û

=-

æ ö÷ç= - + ÷ç ÷çè ø

é ùæ öê ú÷ç=- - = = Þ÷çê ú÷çè øê úë û

=-

æ ö÷ç= - +ççè ø













可得

y c x x c x x1/2 2 1/2 2
1 2

1 1
1 1

6 2
-

÷÷

æ ö æ ö÷ ÷ç ç= - + + - +÷ ÷ç ç÷ ÷ç çè ø è ø
 

第四章　拉普拉斯變換
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習題解答

第五章　矩陣與線性方程組

習題 5-1
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習題 5-6
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( 1) 4

1 2

3 1
( 1) 10

1 3

1 2
( 1) 13

4 5

( 1)

+

+

+

+

+

+

+

é ù-ê ú
ê ú= ê ú
ê ú
ë û

= - = = - =-

= - =- =

= - = =-

-
= - =- =

= - = =

-
= - =- =-

-
= - = =-

= -

A

A M

A M

A M

A M

A M

A M

A M

A

T T

2
32

3 3
33 33

11 12 13

21 22 23

31 32 33

3 2
15

0 5

3 1
( 1) 12

0 4

7 5 4

adj 8 4 10

13 15 12

7 8 13

5 4 15

4 10 12

3 1 2 0 10 4
10 4

(2)det( ) 0 4 5 0 4 5 1( 3)
4 5

1 3 2 1 3 2

50

+

+

=- =-

-
= - = =

é ù é ù- -ê ú ê ú
ê ú ê ú= = -ê ú ê ú
ê ú ê ú- -ë û ë û
é ù- -ê ú
ê ú= -ê ú
ê ú- -ë û

- - -
- -

= = =´-

=-

M

A M

A A A

A A A A

A A A

A 

故

3

3

16 34

3 1 2 7 8 13 34 0 0

(3) (adj ) 0 4 5 5 4 15 0 34 0

1 3 2 4 10 12 0 0 34

1 0 0 34 0 0

det( ) ( 34) 0 1 0 0 34 0

0 0 1 0 0 34

(adj ) det( )

+ =-

é ù é ù é ù- - - -ê ú ê ú ê ú
ê ú ê ú ê ú= - = -ê ú ê ú ê ú
ê ú ê ú ê ú- - -ë û ë û ë û

é ù é ù-ê ú ê ú
ê ú ê ú= - = -ê ú ê ú
ê ú ê ú-ë û ë û

\ =

A A

A I

A A A I

 



　　　　(2) －34　　　　(3) 略

 8. 

8

3

3

2

3 1 3

0 3 0

2 1 2

1 0 0 3 1 3 3 1 3

0 1 0 0 3 0 0 3 0

0 0 1 2 1 2 2 1 2

3 1 3

, det( ) 0 0 3 0 0

2 1 2

3 3
( 3) 0

2 2

( 3)[( 3)( 2) 6] 0

( 3)( 5 ) 0

λ
λ λ λ

λ

λ
λ λ

λ

λ
λ

λ

λ λ λ

λ λ λ

⎡ ⎤− − −⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥− − −⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− − − +⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− = − = −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − − +⎣ ⎦ ⎣ ⎦ ⎣ ⎦

+
− = ⇒ − =

+

+
⇒ − =

+

⇒ − + + − =

⇒ − + =

A

I A

I A

因

所以

5 0 3λ λ λ⇒ =− = =或 或

9

x y

x y

x

y

( 2) 2 0

2 ( 2) 0

2 2 0
, ,

2 2 0

3 2
det( ) 0

2 2

λ
λ

λ
λ

λ
λ

⎧ − + =⎪⎪⎨⎪ + − =⎪⎩
⎡ ⎤ ⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

−
⇔ = =

−

0A X

A

 或 0 或 3 9. λ＝4 或 0

10. 

x x x

x x

x x x

x

x

x

1 2 3

2 3

1 2 3

1

2

3

1

3 2 1

4 5 1

3 2 0

3 1 2 1

0 4 5 1

1 3 2 0

7 8 13

det( ) 34, adj 5 4 15

4 10 12

7 8 13
1 1

adj ( ) 5 4 15
det( ) 34

4 10 12

-

ì - + =ïïïï + =-íïï + + =ïïî
é ù é ù é ù-ê ú ê ú ê ú
ê ú ê ú ê ú= -ê ú ê ú ê ú
ê ú ê ú ê ú
ë û ë û ë û

é ù- -ê ú
ê ú=- = -ê ú
ê ú- -ë û

é ù- -ê ú
ê ú= = -ê- ê - -ë û

A A

A A
A

可得

x

x

x

1

2

3

7 8 13

34 34 34
5 4 15

34 34 34
4 10 12

34 34 34

7 8 13 15

34 34 34 341
5 4 15 1

1
34 34 34 34

0
4 10 12 6

34 34 34 34

ú
ú

é ù
ê ú-
ê ú
ê ú
ê ú

= - -ê ú
ê ú
ê ú
ê ú-ê ú
ê úë û

é ù é ù
ê ú ê ú-
ê ú ê úé ù é ùê ú ê úê ú ê úê ú ê úê ú ê ú= - - - = -ê ú ê úê ú ê úê ú ê úê ú ê úê ú ê úë û ë ûê ú ê ú- -ê ú ê ú
ê ú ê úë û ë û

則

x x x

x x

x x x

x

x

x

1 2 3

2 3

1 2 3

1

2

3

1

3 2 1

4 5 1

3 2 0

3 1 2 1

0 4 5 1

1 3 2 0

7 8 13

det( ) 34, adj 5 4 15

4 10 12

7 8 13
1 1

adj ( ) 5 4 15
det( ) 34

4 10 12

-

ì - + =ïïïï + =-íïï + + =ïïî
é ù é ù é ù-ê ú ê ú ê ú
ê ú ê ú ê ú= -ê ú ê ú ê ú
ê ú ê ú ê ú
ë û ë û ë û

é ù- -ê ú
ê ú=- = -ê ú
ê ú- -ë û

é ù- -ê ú
ê ú= = -ê- ê - -ë û

A A

A A
A

可得

x

x

x

1

2

3

7 8 13

34 34 34
5 4 15

34 34 34
4 10 12

34 34 34

7 8 13 15

34 34 34 341
5 4 15 1

1
34 34 34 34

0
4 10 12 6

34 34 34 34

ú
ú

é ù
ê ú-
ê ú
ê ú
ê ú

= - -ê ú
ê ú
ê ú
ê ú-ê ú
ê úë û

é ù é ù
ê ú ê ú-
ê ú ê úé ù é ùê ú ê úê ú ê úê ú ê úê ú ê ú= - - - = -ê ú ê úê ú ê úê ú ê úê ú ê úê ú ê úë û ë ûê ú ê ú- -ê ú ê ú
ê ú ê úë û ë û

則  11. 略 12. 略
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習題解答

13. (1) 有一組非明顯解 (2) 只有明顯解

14. (1) x1＝4，x2＝8，x3＝19 (2) x1＝3，x2＝－2，x3＝1，x4＝2

習題 5-7
 1. (1) 

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3

2 1
( ) det( ) ( 2)( 3) 1 5 7

1 3

1 1
(2)

3 1

1 1
( ) det( ) ( 1)( 1) 3 4

3 1

2 7
(3)

1 2

2 7
( ) det( ) ( 2)( 2) 7 3

1 2

1 2 1

(4)

λ
λ λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − − + = − +

−

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − + − = −

− +

⎡ ⎤− −⎢ ⎥= ⎢ ⎥⎣ ⎦

+
= − = = + − + = +

− −

=

A

P I A

A

P I A

A

P I A

A

令

令

令

令

3

3 2

3

3 2

0 1 2

1 3 2

1 2 1

( ) det( ) 0 1 2

1 3 2

( 1)( 1)( 2) 4 ( 1) 6( 1)

4 7

5 0 1

(5) 1 1 0

7 1 0

5 0 1

( ) det( ) 1 1 0

7 1

( 5)( 1) 1 7( 1)

6 12 8

λ
λ λ λ

λ

λ λ λ λ λ

λ λ

λ
λ λ λ

λ

λ λ λ λ

λ λ λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

− − −
= − = − −

− −

= − − − + + − − −

= − +

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

− −
= − = − −

−

= − − − + −

= − + −

P I A

A

P I A

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3

2 1
( ) det( ) ( 2)( 3) 1 5 7

1 3

1 1
(2)

3 1

1 1
( ) det( ) ( 1)( 1) 3 4

3 1

2 7
(3)

1 2

2 7
( ) det( ) ( 2)( 2) 7 3

1 2

1 2 1

(4)

λ
λ λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − − + = − +

−

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − + − = −

− +

⎡ ⎤− −⎢ ⎥= ⎢ ⎥⎣ ⎦

+
= − = = + − + = +

− −

=

A

P I A

A

P I A

A

P I A

A

令

令

令

令

3

3 2

3

3 2

0 1 2

1 3 2

1 2 1

( ) det( ) 0 1 2

1 3 2

( 1)( 1)( 2) 4 ( 1) 6( 1)

4 7

5 0 1

(5) 1 1 0

7 1 0

5 0 1

( ) det( ) 1 1 0

7 1

( 5)( 1) 1 7( 1)

6 12 8

λ
λ λ λ

λ

λ λ λ λ λ

λ λ

λ
λ λ λ

λ

λ λ λ λ

λ λ λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

− − −
= − = − −

− −

= − − − + + − − −

= − +

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

− −
= − = − −

−

= − − − + −

= − + −

P I A

A

P I A

 (2) 

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3

2 1
( ) det( ) ( 2)( 3) 1 5 7

1 3

1 1
(2)

3 1

1 1
( ) det( ) ( 1)( 1) 3 4

3 1

2 7
(3)

1 2

2 7
( ) det( ) ( 2)( 2) 7 3

1 2

1 2 1

(4)

λ
λ λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − − + = − +

−

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − + − = −

− +

⎡ ⎤− −⎢ ⎥= ⎢ ⎥⎣ ⎦

+
= − = = + − + = +

− −

=

A

P I A

A

P I A

A

P I A

A

令

令

令

令

3

3 2

3

3 2

0 1 2

1 3 2

1 2 1

( ) det( ) 0 1 2

1 3 2

( 1)( 1)( 2) 4 ( 1) 6( 1)

4 7

5 0 1

(5) 1 1 0

7 1 0

5 0 1

( ) det( ) 1 1 0

7 1

( 5)( 1) 1 7( 1)

6 12 8

λ
λ λ λ

λ

λ λ λ λ λ

λ λ

λ
λ λ λ

λ

λ λ λ λ

λ λ λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

− − −
= − = − −

− −

= − − − + + − − −

= − +

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

− −
= − = − −

−

= − − − + −

= − + −

P I A

A

P I A

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3

2 1
( ) det( ) ( 2)( 3) 1 5 7

1 3

1 1
(2)

3 1

1 1
( ) det( ) ( 1)( 1) 3 4

3 1

2 7
(3)

1 2

2 7
( ) det( ) ( 2)( 2) 7 3

1 2

1 2 1

(4)

λ
λ λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − − + = − +

−

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − + − = −

− +

⎡ ⎤− −⎢ ⎥= ⎢ ⎥⎣ ⎦

+
= − = = + − + = +

− −

=

A

P I A

A

P I A

A

P I A

A

令

令

令

令

3

3 2

3

3 2

0 1 2

1 3 2

1 2 1

( ) det( ) 0 1 2

1 3 2

( 1)( 1)( 2) 4 ( 1) 6( 1)

4 7

5 0 1

(5) 1 1 0

7 1 0

5 0 1

( ) det( ) 1 1 0

7 1

( 5)( 1) 1 7( 1)

6 12 8

λ
λ λ λ

λ

λ λ λ λ λ

λ λ

λ
λ λ λ

λ

λ λ λ λ

λ λ λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

− − −
= − = − −

− −

= − − − + + − − −

= − +

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

− −
= − = − −

−

= − − − + −

= − + −

P I A

A

P I A

  (3) 

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3

2 1
( ) det( ) ( 2)( 3) 1 5 7

1 3

1 1
(2)

3 1

1 1
( ) det( ) ( 1)( 1) 3 4

3 1

2 7
(3)

1 2

2 7
( ) det( ) ( 2)( 2) 7 3

1 2

1 2 1

(4)

λ
λ λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − − + = − +

−

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − + − = −

− +

⎡ ⎤− −⎢ ⎥= ⎢ ⎥⎣ ⎦

+
= − = = + − + = +

− −

=

A

P I A

A

P I A

A

P I A

A

令

令

令

令

3

3 2

3

3 2

0 1 2

1 3 2

1 2 1

( ) det( ) 0 1 2

1 3 2

( 1)( 1)( 2) 4 ( 1) 6( 1)

4 7

5 0 1

(5) 1 1 0

7 1 0

5 0 1

( ) det( ) 1 1 0

7 1

( 5)( 1) 1 7( 1)

6 12 8

λ
λ λ λ

λ

λ λ λ λ λ

λ λ

λ
λ λ λ

λ

λ λ λ λ

λ λ λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

− − −
= − = − −

− −

= − − − + + − − −

= − +

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

− −
= − = − −

−

= − − − + −

= − + −

P I A

A

P I A

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3

2 1
( ) det( ) ( 2)( 3) 1 5 7

1 3

1 1
(2)

3 1

1 1
( ) det( ) ( 1)( 1) 3 4

3 1

2 7
(3)

1 2

2 7
( ) det( ) ( 2)( 2) 7 3

1 2

1 2 1

(4)

λ
λ λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

λ
λ λ λ λ λ

λ

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − − + = − +

−

⎡ ⎤
⎢ ⎥= ⎢ ⎥−⎣ ⎦

− −
= − = = − + − = −

− +

⎡ ⎤− −⎢ ⎥= ⎢ ⎥⎣ ⎦

+
= − = = + − + = +

− −

=

A

P I A

A

P I A

A

P I A

A

令

令

令

令

3

3 2

3

3 2

0 1 2

1 3 2

1 2 1

( ) det( ) 0 1 2

1 3 2

( 1)( 1)( 2) 4 ( 1) 6( 1)

4 7

5 0 1

(5) 1 1 0

7 1 0

5 0 1

( ) det( ) 1 1 0

7 1

( 5)( 1) 1 7( 1)

6 12 8

λ
λ λ λ

λ

λ λ λ λ λ

λ λ

λ
λ λ λ

λ

λ λ λ λ

λ λ λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

− − −
= − = − −

− −

= − − − + + − − −

= − +

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥−⎣ ⎦

− −
= − = − −

−

= − − − + −

= − + −

P I A

A

P I A

 (4) 

2 1 1 1 2 7
(1) (2) (3)

1 3 3 1 1 2

1 2 1 5 0 1

(4) 0 1 2 (5) 1 1 0

1 3 2 7 1 0

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2
2

2
2

2
2

2 1
(1)

1 3
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ê ú ê ú ê ú- - =ê ú ê ú ê ú
ê ú ê ú ê ú-ë û ë û ë û
é ù é ù- -ê ú ê ú
ê ú ê ú- - - -ê ú ê ú
ê ú ê ú- -ë û ë û
é ù é ù
ê ú ê ú
ê ú ê ú- - - -ê ú ê ú
ê ú ê ú
ë û ë û

 

 
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 

 

 
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r
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é ù
ê ú
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ê ú
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é ù-ê ú
ê ú-ê ú
ê ú
ë û

é ù-ê ú
ê ú= -ê ú
ê ú
ë û

x







 為 A 對應於 λ 2＝2 之特徵向量
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      (iii) 

R R

R

R R
R

x

x

x

1 3

2

2 3
3

1

2

3

1

3
1

3

2 1 1 0

0 0 3 0

2 1 2 0

2 1 1 0 2 1 1 0

0 0 3 0 0 0 3 0

2 1 2 0 0 0 3 0

2 1 1 0 2 1 1 0

0 0 1 0 0 0 1 0

0 0 1 0 0 0 0 0

- +

-

- +
-

é ù é ù é ù- -ê ú ê ú ê ú
ê ú ê ú ê ú- =ê ú ê ú ê ú
ê ú ê ú ê ú-ë û ë û ë û
é ù é ù- - - -ê ú ê ú
ê ú ê ú- -ê ú ê ú
ê ú ê ú-ë û ë û

é ù é ù- - - -ê ú ê ú
ê ú ê ú
ê ú ê ú
ê ú ê ú
ë û ë û

 

 

 

 

 

 

R R R

r

r

2 1 1

1

2

1
1 0 0

2 1 0 0 2
0 0 1 0 0 0 1 0

0 0 0 0
0 0 0 0

2

0

1

2

0

+

é ù
ê ú-ê úé ù- ê úê ú
ê úê ú
ê úê ú
ê úê ú

ë û ê ú
ê ú
ë û

é ù
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ê ú
ë û

é ù
ê ú
ê ú= ê ú
ê ú
ë û

x





 





 為 A 對應於 λ 3＝3 之特徵向量．

習題 5-8
 1. (1) A 為可對角線化矩陣 (2) A 為不可對角線化矩陣

  (3) A 為可對角線化矩陣 (4) A 為可對角線化矩陣

  (5) A 為不可對角線化矩陣

 2. 

2
3

1 2 3

1

1

1 1 2

0 1 0

0 1 3

1 1 2

( ) det( ) 0 1 0 ( 1) ( 3)

0 1 3

1 0 1

0 , 2 , 0

0 1 1

1
1 1

21 0 1
1

0 2 0 , 0 0
2

0 1 1
1

0 1
2

λ
λ λ λ λ λ

λ

−

−

⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎣ ⎦

− − −
= − = − = − −

− −

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤
⎢ ⎥− −
⎢ ⎥⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥= − = −⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦

=

x x x

A

P I A

P P

P AP

1
1 1

2 1 1 2 1 0 1
1

0 0 0 1 0 0 2 1
2

0 1 3 0 1 1
1

0 1
2

1 0 0

0 1 0

0 0 3

⎡ ⎤
⎢ ⎥− −
⎢ ⎥ ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦
⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎣ ⎦

D

習題 5-9

 1. (1) eA

e
e e

e

1 2

1

2
1

3 2 1 1 2 1
0 1

(1) (2) 0 2 0 (3) 1 0 1
2 3

0 0 0 4 4 5

1 1

2 1

1 1 2 0 1 1

2 1 0 1 2 1

1 1 1 10

2 1 2 10

-

-

é ù é ù- -ê ú ê úé ù- ê ú ê úê ú= = =ê ú ê úê úë û ê ú ê ú-ë û ë û
é ù é ù- -ê ú ê ú= =ê ú ê úë û ë û

é ù é ù é ù- -ê ú ê ú ê ú= = ê ú ê ú ê ú- -ë û ë û ë û
é ùé ù é ù- - ê úê ú ê ú= = ê úê ú ê - -ë û ë ûë û

x x

A D

A A A

A PDP

P P

與

e e

e e

e e e e

e e e e

2

2

2 2

2 2

1 1

2 12

2

2 2 2

ú

é ù é ù- -ê ú ê ú= ê ú ê ú- -ë ûë û
é ù- + - +ê ú= ê ú- -ë û

 (2) 

e e e e

e e

3 2 3 3

2

1 1
2 2

3 3
0 0

0 0 1

é ù
ê ú- - +
ê ú
ê ú

= ê ú
ê ú
ê ú
ê ú
ê úë û

A

é ù
ê ú
ê ú
ê ú
ê ú
ë û

é ù
ê ú
ê ú
ê ú
ê ú
ë û

  (3) 

e e
e e e e

e e
e e e e e

e e e e e e

3
2 3 2

3
2 3 2

2 3 2 3

2 2 2
2 2

2
2 2

4 4 4 4 2

é ù
ê ú- - + -ê ú
ê ú
ê ú
ê ú= - + - - +ê ú
ê ú
ê ú- + - - +ê ú
ê ú
ë û

A

é ù
ê ú
ê ú
ê ú
ê ú
ë û

é ù
ê ú
ê ú
ê ú
ê ú
ë û

 2. eAt

t
t

t

t t t t

t t t t

e
e

e

e e e e

e e e e

1 2

1

2

2 2 2

2 2

0 1

2 3

1 1

2 1

1 1 1 1
,

2 1 2 1

1 1 1 10

2 1 2 10

2

2 2 2

-

é ù-ê ú= ê úë û
é ù é ù- -ê ú ê ú= =ê ú ê úë û ë û
é ù é ù- -ê ú ê ú= =ê ú ê ú- -ë û ë û

é ùé ù é ù- - ê úê ú ê ú= ê úê ú ê ú- -ë û ë ûë û
é ù- + - +ê ú= ê ú- -ë û

x x

A

A

P P

與

第六章　向量分析

習題 6-1
 1. 

P P

P P

P P

1 2

1 2

1 2

(3 6) (0 2) (2 1) 3 2

9 4 1 14

= - + - + - =- - +

= + + =

i j k i j k







P P

P P

P P

1 2

1 2

1 2

(3 6) (0 2) (2 1) 3 2

9 4 1 14

= - + - + - =- - +

= + + =

i j k i j k







，

P P

P P

P P

1 2

1 2

1 2

(3 6) (0 2) (2 1) 3 2

9 4 1 14

= - + - + - =- - +

= + + =

i j k i j k







P P

P P

P P

1 2

1 2

1 2

(3 6) (0 2) (2 1) 3 2

9 4 1 14

= - + - + - =- - +

= + + =

i j k i j k







 2. (1) (1) 2 3 2(2 5 ) 3( 3 3 2 ) (5 3 )

10 4 8

(2) 2 3 10 4 8 100 16 64 180 6 5

+ - = - + + - + + - +

=- - +

+ - = - - + = + + = =

a b c i j k i j k i j

i j k

a b c i j k

(1) 2 3 2(2 5 ) 3( 3 3 2 ) (5 3 )

10 4 8

(2) 2 3 10 4 8 100 16 64 180 6 5

+ - = - + + - + + - +

=- - +

+ - = - - + = + + = =

a b c i j k i j k i j

i j k

a b c i j k

 (2) 

(1) 2 3 2(2 5 ) 3( 3 3 2 ) (5 3 )

10 4 8

(2) 2 3 10 4 8 100 16 64 180 6 5

+ - = - + + - + + - +

=- - +

+ - = - - + = + + = =

a b c i j k i j k i j

i j k

a b c i j k

(1) 2 3 2(2 5 ) 3( 3 3 2 ) (5 3 )

10 4 8

(2) 2 3 10 4 8 100 16 64 180 6 5

+ - = - + + - + + - +

=- - +

+ - = - - + = + + = =

a b c i j k i j k i j

i j k

a b c i j k

98TH3-1.工程數學習題解答.indd   588 2009/7/14   下午 04:51:24



589

習題解答

 3. 
3 1 7

.
59 59 59

15 5 35
.

59 59 59

= = + -

- - +

a
u i j k

a

i j k

，

3 1 7
.

59 59 59

15 5 35
.

59 59 59

= = + -

- - +

a
u i j k

a

i j k

 4. 

BC

AC

AB

GA DA GB EB GC FC

OA OB OC

OG GA OG GB OG GC

OG GA GB GC

OG DA EB FC

OG

2 2 2
, ,

3 3 3

1
( )

3

1
( )

3

1
( )

3

1 2 2 2

3 3 3 3

= = =

+ +

= + + + + +

= + + +

æ ö÷ç= + + + ÷ç ÷çè ø

= +

     

  

     

   

   



則

DC CA EA AB FB BC

OG BC CA CA AB AB BC

OG AB BC CA

OG

OG

2
( )

9

2 1 1 1

9 2 2 2

2 3
( )

9 2

1 0 3 3 ( 1) 1 1 3 0 4 4
, , , 1,

3 3 3 3

+ + + + +

æ ö÷ç= + + + + + + ÷ç ÷çè ø

é ù
ê ú= + + +
ê úë û

= +

=

æ ö+ + + - + + + ÷ç =÷ç ÷çè ø

0

     

      

   





.
3

æ ö÷ç ÷ç ÷çè ø
 5. 

3 6 2 3 6 2

3 6 2 7 7 7

+ -
= = + -

+ -
i j k

u i j k
i j k

3 6 2 3 6 2

3 6 2 7 7 7

+ -
= = + -

+ -
i j k

u i j k
i j k

 6. a＝－2, b＝1, c＝－3 7. 

BA BC

BA BC
ABC

BA BC

ABC 1

4 9 3 , 4 6 ,

16 54 3 73
cos

16 81 9 16 36 1 53 2

73
cos 13.11 .

53 2
-

= - + = - +

+ +
Ð = = =

+ + + +

æ ö÷çÐ = » °÷ç ÷÷çè ø

i j k i j k
 

 



 

BA BC

BA BC
ABC

BA BC

ABC 1

4 9 3 , 4 6 ,

16 54 3 73
cos

16 81 9 16 36 1 53 2

73
cos 13.11 .

53 2
-

= - + = - +

+ +
Ð = = =

+ + + +

æ ö÷çÐ = » °÷ç ÷÷çè ø

i j k i j k
 

 



 

 8. 
5 3 3 5 5 5

proj
19 19 1919 19

5
proj

19

æ ö æ ö+ -÷ç ÷ç÷ç= = = + -÷ç÷ç ÷ç ÷÷÷ç è øè ø

= =

b

b

a b b i j k
a i j k

b b

a b
a

b





5 3 3 5 5 5
proj

19 19 1919 19

5
proj

19

æ ö æ ö+ -÷ç ÷ç÷ç= = = + -÷ç÷ç ÷ç ÷÷÷ç è øè ø

= =

b

b

a b b i j k
a i j k

b b

a b
a

b





，

5 3 3 5 5 5
proj

19 19 1919 19

5
proj

19

æ ö æ ö+ -÷ç ÷ç÷ç= = = + -÷ç÷ç ÷ç ÷÷÷ç è øè ø

= =

b

b

a b b i j k
a i j k

b b

a b
a

b





5 3 3 5 5 5
proj

19 19 1919 19

5
proj

19

æ ö æ ö+ -÷ç ÷ç÷ç= = = + -÷ç÷ç ÷ç ÷÷÷ç è øè ø

= =

b

b

a b b i j k
a i j k

b b

a b
a

b





 9. 
4 4

proj
59 59

-
= = =v

u v
u

v
4 4

proj
59 59

-
= = =v

u v
u

v


 10. 

3, 1, 5 , 2, 4, 5

3 2 4 5
proj , ,

5 5 5 5

6 12 3 5
, ,

25 25 25

6 12 3 5
3, 1, 5 , ,

25 25 25

81 13 22 5
, ,

25 25 25

162 52 110
( ) 0

25 25 25

6 12 3 5 81 13 22 5
, , , , .

25 25 25 25 25 25

=<- - > =< - >

æ ö÷ç ÷ç= = -÷ç ÷÷çè ø

= - =

- =<- - >- -

= - -

- =- + + =

= - + - -

v

u v

u v v
u

v v

a

u a

v u a

u





故

11. 24 呎磅　　　　12. 略　　　　13. 略　　　　14. 略

15. 2 4 5 6 13 8

3 2 1

´ = - =- + +
- -

i j k

a b i j k2 4 5 6 13 8

3 2 1

´ = - =- + +
- -

i j k

a b i j k  16. 

1 2 1 23 4 2 12 3 24 , 27

3 4 1

4 1 8 4 1 8
.

9 9 9 9 9 9

´ = - = + + ´ =
-

+ + - - -

i j k

v v i j k v v

i j k i j k及

17. 

2 1 4 3 6 , 9 36 3 5

4 2 5

3 5.

´ = - = + ´ = + =
- -

i j k

a b i j a b

　　　　　18. 

AB AD

AB AD

3 2 , 2 7 ,

3 0 2 14 21

2 7 1

14 21 196 1 441 638

=- - = - +

´ = - - =- - +
-

- - + = + + =

i k i j k

i j k

i j k

i j k

 

 

 19. 

AB AC

AB AC

AB AC

2 4 , 2 4 ,

1 2 4 12 12 3

2 1 4

144 144 9 3 33

3 33
.

2

=- + + = - +

´ = - = + -
-

´ = + + =

i j k i j k

i j k

i j k

 

 

 

　　　　　20. 69

21. V

1

3

1
( ) .

6

1
,

2

( )
proj

1 1
( )

3 6

´

´

= ´

´
= =

´

= = ´

b c

a b c

b c

a b c
a

b c

a b c







高

　　　　22. 

5 3 1

( ) 6 4 0 176

2 1 5

1 88
( )

6 3

- -
´ = =-

- -

´ =

a b c

a b c



  23. 4x＋7y－5z＋3＝0

24. 
x y z

1 2 3 2 4 6 4

1 2 1

1 2 3

6 1 4

´ = - = - +
-

+ - -
= =

-

i j k

n n i j k

習題 6-2
 1. (1) F′(t)＝cos ti－sin tj (2) 略

  (3) t＝nπ (n＝0, ±1, ±2，⋯) (4) 是

  (5) 是 (6) F″t(t)＝－sin ti－cos tj

 2. (1) F′(t)＝2i＋3t2j (2) F′(t)＝cos ti－e－tj＋k

  (3) F′(t)＝2ti－(5t4＋et)j＋(3t2－et)k 

  (4) F′(t)＝(cos t＋2t)i＋(cos t＋2t)j＋3(cos t＋2t)k

  (5) F′(t)＝0

 3. (1) f′(t)＝6t－10t sin t－5t2 cos t (2) 
t

f t t f t
t

f t t t f t t

2

2

4 3

8
( ) 8 1 ( )

8 1

( ) 3 ( ) 1 12

¢= + Þ =
+

¢= - Þ = -  (3) 

t
f t t f t

t

f t t t f t t

2

2

4 3

8
( ) 8 1 ( )

8 1

( ) 3 ( ) 1 12

¢= + Þ =
+

¢= - Þ = -
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 4. 略　　　　　　　5. 略 6. 略

 7. F(t)＝(1＋sin t)i－cos tj

 8. 

t
t t t

t

t
t t t t t t

t

t
t t t

2

2 2
2

2
2

( ) 2 , (1) , ( ).
1

1 1
( ) 2 ( ) 2 ln ( 1)

2 21

1 1 1 1
(1) 2 ln 2 2 ln 2

2 2 2 2

1 1 1
( ) 2( 2) ln ( 1)

2 2 2

¢ = + + =
+

¢ = + + Þ = + + + +
+

Þ = + + + = Þ =- - -

æ ö+ ÷ç ÷= - + + -ç ÷ç ÷çè ø

F i j k F 0 F

F i j k F i j k C

F i j k C 0 C i j k

F i j k

且 求

故

 9. F(t)＝(t4＋2)i－(t2＋4)j	 10. 略

習題 6-3

 1. 

d
a t a t c

dt

d
a t a t c a c

dt

d
L dt a c dt a c

dt

2 2 2 2 2 2 2

2 2
2 2 2 2

0 0

sin cos ,

sin cos

2 .
π π

π

=− + +

= + + = +

= = + = +∫ ∫

R
i j k

R

R

d
a t a t c

dt

d
a t a t c a c

dt

d
L dt a c dt a c

dt

2 2 2 2 2 2 2

2 2
2 2 2 2

0 0

sin cos ,

sin cos

2 .
π π

π

=− + +

= + + = +

= = + = +∫ ∫

R
i j k

R

R
 2. κ

d ds d
t t t t

dt dt dt

d d ds
t t

dt dtds

d d
t t

dt dt

d d ds d d

dt dt dt dtds

d d d
t t

dt dtds

t

2 2cos sin , 1 cos sin 2,

11 1
cos sin

2 2 2

1 1 1
sin cos ,
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第十章　偏微分方程式

習題 10-1
 1. (1) 二階，線性 (2) 二階，非線性 (3) 二階，非線性
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  (4) 二階，非線性 (5) 一階，線性 (6) 二階，線性

 2. 略

 3. (1) 

y
xu e

x

y
u x y xy f x

2

1

( , ) 3 ( )
2

= +

= + +  (2) u(x,  y)＝－y cos x＋f(y)

  (3) u(x,  y)＝ln x＋xey＋f(y) (4) u(x,  y)＝－ex－y＋f(x)＋g(y)

  (5) u(x,  y)＝yex＋xf(y)＋g(y)

 4. (1) 

y

xy

xy xy

x
u u

y y

u x y x e f y
y

x
u x y y f x

y

x
u x y f y e g y e

y

2

2

2 2
2

2 3 cos

1
( , ) 2 ( )

cos
( , ) ( )

3
( , ) ( ) ( )

4

-

-

- =

æ ö÷ç ÷= - +ç ÷ç ÷çè ø

=- +

= + -

 (2) 

y

xy

xy xy

x
u u

y y

u x y x e f y
y

x
u x y y f x

y

x
u x y f y e g y e

y

2

2

2 2
2

2 3 cos

1
( , ) 2 ( )

cos
( , ) ( )

3
( , ) ( ) ( )

4

-

-

- =

æ ö÷ç ÷= - +ç ÷ç ÷çè ø

=- +

= + -  (2) 

y

xy

xy xy

x
u u

y y

u x y x e f y
y

x
u x y y f x

y

x
u x y f y e g y e

y

2

2

2 2
2

2 3 cos

1
( , ) 2 ( )

cos
( , ) ( )

3
( , ) ( ) ( )

4

-

-

- =

æ ö÷ç ÷= - +ç ÷ç ÷çè ø

=- +

= + -  (4) u(x,  y)＝f(y) exy＋g(y) e－3xy

  (5) u(x,  y)＝f(x) exy＋g(x) yexy

 5. y f y
u x y xe g x

x

( )
( , ) ( )= + + 	 6. 

xy

x

u xy

u y y

u x x

x y
u x y x y

2

2 2
2

(0, )

( , 0) sin

( , ) 1 cos
4

ì =ïïïï =íïï =ïïî

= - + +

 7. 

xy

y
y

y

u x y

u x x

u y e

x y
u x y x y e

2

3

cos

( , 0)

(0, ) 1

sin
( , ) 1

3

ìï =ïïïï =íïï = -ïïïî

= - + - +

習題 10-2

 1. (1) 

z z z z
x y z y z x z x y

x y x y

z z z z
y z x y z x x y z xy xz

x y x y

z z
a b cz

x y

z y
F

xx

y x y z
F

z z

2 2 2

2 2 2

3

2 2 2

3

( ) ( ) ( ) 2 2

0

, 0

, 0

¶ ¶ ¶ ¶
+ = - =

¶ ¶ ¶ ¶

¶ ¶ ¶ ¶
- + - = - - - + =

¶ ¶ ¶ ¶

¶ ¶
+ + =

¶ ¶

æ ö÷ç =÷ç ÷çè ø

æ ö+ + ÷ç ÷=ç ÷ç ÷çè ø

 (2) F(y2＋z2,  x3＋y3)＝0

  (3) F(x2＋2yz,  x＋y＋z)＝0 (4) 

z z z z
x y z y z x z x y

x y x y

z z z z
y z x y z x x y z xy xz

x y x y

z z
a b cz

x y

z y
F

xx

y x y z
F

z z

2 2 2

2 2 2

3

2 2 2

3

( ) ( ) ( ) 2 2

0

, 0

, 0

¶ ¶ ¶ ¶
+ = - =

¶ ¶ ¶ ¶

¶ ¶ ¶ ¶
- + - = - - - + =

¶ ¶ ¶ ¶

¶ ¶
+ + =

¶ ¶

æ ö÷ç =÷ç ÷çè ø

æ ö+ + ÷ç ÷=ç ÷ç ÷çè ø

  (5) z＝e－cx/a φ(ay－bx) 或 z＝e－cy/b ψ(ay－bx)

 2. (az－cx)2＋(bz－cy)2＝r2(z－c)2 3. 2xy＋z(x＋y)＝3xyz

 4. 

u u u
y z z x x y

x y z

F u x y z x y z2 2 2

( ) ( ) ( ) 0.

( , , ) 0

¶ ¶ ¶
- + - + - =

¶ ¶ ¶

+ + + + =

習題 10-3
 1. (1) 雙曲線型　　(2) 橢圓型　　(3) 拋物線型　　(4) 橢圓型　　(5) 橢圓型

 2. (1) x2＋y2＞1　　　　(2) x2＋y2＝1　　　　(3) x2＋y2＜1

 3. (1) x2－4y＞0　　　　(2) x2－4y＝0　　　　(3) x2－4y＜0

 4. (1) u(x,  y)＝e3xF(y－2x) (2) u(x,  y)＝F(y－x)＋G(y－2x)

  (3) u(x,  y)＝F(3x＋y)＋G(y－x) 
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  (4) u(x,  y)＝F(x＋2y)＋xG(x＋2y) 或 u(x,  y)＝F(x＋2y)＋yG(x＋2y)

  (5) u(x,  y)＝F(x＋y)＋xG(x＋y) (6) u(x,  y)＝F(x＋y)＋G(x＋y)－y4

  (7) x yu x y F x y G x y xe21
( , ) (2 ) (2 )

4
+= + + - +

習題 10-4

 1. u x t x t x t
3 1

( , ) sin cos sin 3 cos 3
4 4

= -

	2. 

2.
n

n n
n

e
u x t B nct nx B

c n

1

2
1

2[1 ( 1) ]
( , ) sin sin ,

( 1)

π

π

+∞

=

+ −
= =

+∑

3.

u x t x t
5

( , ) sin sin 2
2

π π
π

=

4.
n t

n

e
u x t n x

n

2(2 1)

3
1

8
( , ) sin (2 1)

(2 1)π

− −∞

=

= −
−∑

5.

k n t

n

x x
u x

x x

e
u x t n x

n

2(2 1)

2
1

, 0 2
( , 0)

, 2

4
( , ) sin (2 1)

(2 1)

π
π π π

π

− −∞

=

⎧ ≤ ≤⎪⎪=⎨⎪ − ≤ ≤⎪⎩

= −
−∑

 3. 

2.
n

n n
n

e
u x t B nct nx B

c n

1

2
1

2[1 ( 1) ]
( , ) sin sin ,

( 1)

π

π

+∞

=

+ −
= =

+∑

3.

u x t x t
5

( , ) sin sin 2
2

π π
π

=

4.
n t

n

e
u x t n x

n

2(2 1)

3
1

8
( , ) sin (2 1)

(2 1)π

− −∞

=

= −
−∑

5.

k n t

n

x x
u x

x x

e
u x t n x

n

2(2 1)

2
1

, 0 2
( , 0)

, 2

4
( , ) sin (2 1)

(2 1)

π
π π π

π

− −∞

=

⎧ ≤ ≤⎪⎪=⎨⎪ − ≤ ≤⎪⎩

= −
−∑

	  4. 

2.
n

n n
n

e
u x t B nct nx B

c n

1

2
1

2[1 ( 1) ]
( , ) sin sin ,

( 1)

π

π

+∞

=

+ −
= =

+∑

3.

u x t x t
5

( , ) sin sin 2
2

π π
π

=

4.
n t

n

e
u x t n x

n

2(2 1)

3
1

8
( , ) sin (2 1)

(2 1)π

− −∞

=

= −
−∑

5.

k n t

n

x x
u x

x x

e
u x t n x

n

2(2 1)

2
1

, 0 2
( , 0)

, 2

4
( , ) sin (2 1)

(2 1)

π
π π π

π

− −∞

=

⎧ ≤ ≤⎪⎪=⎨⎪ − ≤ ≤⎪⎩

= −
−∑

 5. 

2.
n

n n
n

e
u x t B nct nx B

c n

1

2
1

2[1 ( 1) ]
( , ) sin sin ,

( 1)

π

π

+∞

=

+ −
= =

+∑

3.

u x t x t
5

( , ) sin sin 2
2

π π
π

=

4.
n t

n

e
u x t n x

n

2(2 1)

3
1

8
( , ) sin (2 1)

(2 1)π

− −∞

=

= −
−∑

5.

k n t

n

x x
u x

x x

e
u x t n x

n

2(2 1)

2
1

, 0 2
( , 0)

, 2

4
( , ) sin (2 1)

(2 1)

π
π π π

π

− −∞

=

⎧ ≤ ≤⎪⎪=⎨⎪ − ≤ ≤⎪⎩

= −
−∑

 6. n n
n

n

n

n y n y
u x y f nx p ny

n n

f p

n
f n

n n n

n
p n n

n n n

1

2 2

sinh ( ) sinh ( )
( , ) sin sin

sinh sinh

0,

1 1
(1 cos )

( 2)( 2)

1 1
(1 cos ) , 2

( 2)( 2)

π π
π π

π
π

π
π

∞

=

⎡ ⎤− −⎢ ⎥= +⎢ ⎥⎣ ⎦
= =

⎡ ⎤
⎢ ⎥= − −
⎢ ⎥− +⎣ ⎦
⎡ ⎤
⎢ ⎥= − + ≠
⎢ ⎥− +⎣ ⎦

∑

 7. 

7.

rr ru u u r a
r r

u a a

u r a r r

2

3 3

2 3

1 1
0,

( , ) sin , 0 2

3 1
( , ) sin sin 3

4 4

θθ

θ θ θ π

θ θ θ

+ + = <

= ≤ ≤

= −

8.

rr ru u u r
r r

r

u r r r

2

2

2

1 1
0, 1

(1, ) sin cos , 0 2

1 1
( , ) cos 2 sin

2 2

θθ

θ θ θ θ π

θ θ θ

+ + = <

= + ≤ ≤

= + +

9.

xx yyu u x y a

u x y x x y a

u x y a x y

2 2 2

2 2 2 2

2 2 2

0,

( , ) ,

1
( , ) ( )

2

+ = + <

= + =

= + −

	  8. 

7.

rr ru u u r a
r r

u a a

u r a r r

2

3 3

2 3

1 1
0,

( , ) sin , 0 2

3 1
( , ) sin sin 3

4 4

θθ

θ θ θ π

θ θ θ

+ + = <

= ≤ ≤

= −

8.

rr ru u u r
r r

r

u r r r

2

2

2

1 1
0, 1

(1, ) sin cos , 0 2

1 1
( , ) cos 2 sin

2 2

θθ

θ θ θ θ π

θ θ θ

+ + = <

= + ≤ ≤

= + +

9.

xx yyu u x y a

u x y x x y a

u x y a x y

2 2 2

2 2 2 2

2 2 2

0,

( , ) ,

1
( , ) ( )

2

+ = + <

= + =

= + −

 9. 

7.

rr ru u u r a
r r

u a a

u r a r r

2

3 3

2 3

1 1
0,

( , ) sin , 0 2

3 1
( , ) sin sin 3

4 4

θθ

θ θ θ π

θ θ θ

+ + = <

= ≤ ≤

= −

8.

rr ru u u r
r r

r

u r r r

2

2

2

1 1
0, 1

(1, ) sin cos , 0 2

1 1
( , ) cos 2 sin

2 2

θθ

θ θ θ θ π

θ θ θ

+ + = <

= + ≤ ≤

= + +

9.

xx yyu u x y a

u x y x x y a

u x y a x y

2 2 2

2 2 2 2

2 2 2

0,

( , ) ,

1
( , ) ( )

2

+ = + <

= + =

= + − 	 10. 略

11. 

11. 

t

n

l
x x

u x g x

l x x l

l n n t n x
u x t

l lc n

2

3 3
1

, 0
2( , 0) ( )

1
,
2

4 1
( , ) sin sin sin

2

π π π
π

∞

=

⎧⎪⎪ < <⎪⎪⎪= =⎨⎪⎪ − < <⎪⎪⎪⎩

= ∑

12.

n c t

n

u x x x

n x
u x t e

n n

2 2 2

2 2

3 3 2 2
1

1
( , 0) (10 )

10

8000 1 1
( , ) 12 sin

10
π π

π π

∞
−

=

= −

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠∑

13.

n

n n x n y
n

n n n n2 2 2 2
1

1 4 cos 4
800 cos sin sinh

sinh ( 2) 20 20

π π ππ
π π π π

∞

=

⎛ ⎞⎟⎜ − + ⎟⎜ ⎟⎜⎝ ⎠∑

12. 

11. 

t

n

l
x x

u x g x

l x x l

l n n t n x
u x t

l lc n

2

3 3
1

, 0
2( , 0) ( )

1
,
2

4 1
( , ) sin sin sin

2

π π π
π

∞

=

⎧⎪⎪ < <⎪⎪⎪= =⎨⎪⎪ − < <⎪⎪⎪⎩

= ∑

12.

n c t

n

u x x x

n x
u x t e

n n

2 2 2

2 2

3 3 2 2
1

1
( , 0) (10 )

10

8000 1 1
( , ) 12 sin

10
π π

π π

∞
−

=

= −

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠∑

13.

n

n n x n y
n

n n n n2 2 2 2
1

1 4 cos 4
800 cos sin sinh

sinh ( 2) 20 20

π π ππ
π π π π

∞

=

⎛ ⎞⎟⎜ − + ⎟⎜ ⎟⎜⎝ ⎠∑

13. u(x,  y)＝

11. 

t

n

l
x x

u x g x

l x x l

l n n t n x
u x t

l lc n

2

3 3
1

, 0
2( , 0) ( )

1
,
2

4 1
( , ) sin sin sin

2

π π π
π

∞

=

⎧⎪⎪ < <⎪⎪⎪= =⎨⎪⎪ − < <⎪⎪⎪⎩

= ∑

12.

n c t

n

u x x x

n x
u x t e

n n

2 2 2

2 2

3 3 2 2
1

1
( , 0) (10 )

10

8000 1 1
( , ) 12 sin

10
π π

π π

∞
−

=

= −

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠∑

13.

n

n n x n y
n

n n n n2 2 2 2
1

1 4 cos 4
800 cos sin sinh

sinh ( 2) 20 20

π π ππ
π π π π

∞

=

⎛ ⎞⎟⎜ − + ⎟⎜ ⎟⎜⎝ ⎠∑

習題 10-5
 1. u(x,  t)＝2e－36t sin 3x－4e－100t sin 5x

 2. u(x,  t)＝5e－32π2t sin 4πx－3e－128π2t sin 8πx＋2e－200π2t sin 10πx
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 3. 

3.

t xx

t t

x
u u u t u t u x x

x
u x t e e x

2 24

, (0, ) 0, (4, ) 0, ( , 0) 6 sin 3 sin
2

( , ) 6 sin 3 sin
2

π π

π π

π π− −

= = = = +

= +

4.

tt xx

t

u u u t u t u x

u x x x

u x t x t x t

4 , (0, ) (5, ) 0, ( , 0) 0.

( , 0) 3 sin 2 2 sin 5

3 1
( , ) sin 2 sin 4 sin 5 sin 10

4 5

π π

π π π π
π π

= = = =

= −

= −

	 4.	

3.

t xx

t t

x
u u u t u t u x x

x
u x t e e x

2 24

, (0, ) 0, (4, ) 0, ( , 0) 6 sin 3 sin
2

( , ) 6 sin 3 sin
2

π π

π π

π π− −

= = = = +

= +

4.

tt xx

t

u u u t u t u x

u x x x

u x t x t x t

4 , (0, ) (5, ) 0, ( , 0) 0.

( , 0) 3 sin 2 2 sin 5

3 1
( , ) sin 2 sin 4 sin 5 sin 10

4 5

π π

π π π π
π π

= = = =

= −

= −
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